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1 Introduction 

A compact Kahler manifold is irreducible symplectic if it is simply connected 
and it carries a holomorphic symplectic form spanning the space of global holo- 
morphic 2-forms. A 2-dimensional irreducible symplectic manifolds is nothing 
else but a K3 surface. The well established theory of periods of K3 surfaces has 
been a model for the theory in higher dimensions and indeed Local Torelli |H] 
and Surjectivity of the period map El hold in any dimension. K3 surfaces 
are remarkable not only for their periods: the complete linear system associated 
to an ample divisor has very simple behaviour j23) and furthermore one can de- 
scribe explicitely all K3 surfaces with an ample divisor whose self-intersection 
is small. This paper deals with the question: do similar properties hold for 
ample divisors on an irreducible symplectic manifold of arbitrary dimension? 
Deformations of S^'^\ the Hilbert scheme parametrizing length-n subschemes of 
a K3 surface S, are in many respects the symplest known irreducible symplectic 
manifolds - recall that the generic such deformation is not birational to {K3) 
(Thm. 6, p.779 of 0) if n > 2. The L Conjecture predicts that if {X,H) 
is the generic couple with X a deformation of (i^3)["l and H an ample divisor 
of square 2 for Beauville's quadratic form then has no base-locus and the 
map X has degree 2 onto its image and furthermore ci{H) spans the 

subspace of H'^{X) fixed by the covering involution. When n = 1 the conjecture 
is clearly true - every degree-2 polarized K3 is a double cover of . If the L 
Conjecture is true then it follows that a deformation of {K3) '"1 carrying a divisor 
(not necessarily ample) of degree 2 has an anti-symplectic birational involution: 
this is a non-trivial assertion, usually easier to test than the L Conjecture - we 
call it the I Conjecture (|1.3|l . Before giving the precise statements we recall the 
properties of Beauville's quadratic form (Thm. 5, p. 772 of 0). Let X be an 
irreducible symplectic manifold of (complex) dimension 2n: the quadratic form 
{,)x on H'^{X) - a higher dimensional analogue of the intersection form - is 
characterized by the following properties: 

(1) (, )x is integral indivisible non-degenerate, (ffP'', )x = \ip+p' ^ 2. 

* Supported by Cofinanziamento MURST 2002-03 
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(2) The signature of {, )x is {3,b2{X) — 3). If H is ample {,)x is positive 
definite on 

(ij2.0(x) © H°^^{X))m e Rci{H). 

(3) There is a positive rational constant cx such that the foUowing formula 
of Fujiki holds (Thm. (4.7) of [El): 

/ a2" = cx-(a,a)^. (1.0.1) 

Both cjc and (, )x do not change if we modify the complex structure of X. 
Beauville's form and the Fujiki constant of (i^3)["l are given in Subsubsec- 
tion H4. 1.1(1 . Huybrechts (Lemma (2.6) of ^Ij) proved that (,)x behaves well 
with respect to birational maps. More precisely let (p: X ■ ■ ■ > F be a bi- 
rational (i.e. bimermomorphic) map between irreducible symplectic manifolds 
and H^{(j)): H^{Y]Z) H'^{X;Z) be defined by the Kiinneth decomposition 
of the Poincare dual of the graph of (p. Then H^{(j)) is an isometry of lattices. 
Furthermore, letting Bir{X) be the group of birational maps of X to itself, the 
map 

Bir{X) ^ Isom{H\X-Z),{,)x) n q 21 

is a homomorphism into the subgroup of integral Hodge isometrics of H^{X; C). 
Whenever no confusion may arise we denote (, )x by (, ). For h e {X) with 
(/i, h) = 2 we let Rh '■ H'^{X) H'^{X) be the reflection in the span of h, i.e. 

Rh{v)^-v + {v,h)h. (1.0.3) 

Definition 1.1. A couple {X,H) is a degree-k polarized irreducible symplectic 
variety if X is an irreducible symplectic manifold and H is an indivisible ample 
divisor on X with (ci(-ff), ci(iJ)) = k. 

Now let {X, H) be a degree-2 polarized irreducible symplectic variety with 
X a deformation of (i^TS)'"'. By a theorem of KoUar-Matsusaka 19 there is an 
^„ > depending only on n such that the a priori rational map X ■ ■ ■ > |^„iJ|^ 
is in fact a regular embedding. Thus all {X, H) as above are realizable as 
subvarieties of a P''" with a fixed Hilbert polynomial p„: let Q„ be the Hilbert 
scheme to which they "belong" and let Q°fiQ,i be the open subset given by 

Q° {t G Qn\ Xt is irreducible symplecic}, (1.0.4) 

where Xt is the subvariety of P''" corresponding to t G Q„ . 

Conjecture 1.2. [L Conjecture] Keep notation as above. There exists an open 
dense subset C/„fiQ^ such that for t G J7„ the foUowing holds. Let (Xt,Ht) be 
the degree-2 polarized irreducible symplectic variety corresponding to t. Then 
\Ht\ has no base-locus and ft: Xt is of degree 2 onto its image Yt. In 

particular there exists an involution (j)t: Xt Xt such that ft is the composition 

Xt ^ Xt/{cPt) ^ Yt 

where TTt is the quotient map and vt is the normalization map. Let ht '■— ci{Ht). 
Then 

H^{cj>t)^Rh,. (1.0.5) 
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In the next section we will show that if the above conjecture holds then also 
the following conjecture is true. 

Conjecture 1.3. [I Conjecture] Let X be an irreducible symplectic manifold 
deformation equivalent to {K3)^"^. Suppose that h £ H^'^(X) and {h,h) — 2. 
There exists a birational involution <p: X ■ ■ ■ > X such that for 7 e H'^{X) 

H\^){j) = Rhh) - ^(7, (1.0.6) 

i 

where ai G H^^{X) with {c(i,-) equal to integration over an effective analytic 
1-cycle and Pi G H^'^{X) is Poincare dual to an effective divisor. 

A few comments. It follows from (|1.0.6|l that H'^{(j)) multiplies a symplectic 
form by (—1): in particular (/) is not the identity! Since Ijl. 0.2(1 is a homomor- 
phism H'^{4') is an involution: this imposes restrictions on the a^'s and /3i's. 

After proving that the L Conjecture implies the I Conjecture we will show - 
this is easy - that the two conjectures are stable under deformations if certain 
hypotheses are satisfied. More precisely: If X, h, are as in the I Conjecture 
and furthermore is regular with H'^{(f>) — Rh then (j) extends to all small 
deformations of X that keep h of type (1, 1). If we have to G Q° such that 
{XtQ , Htg ) behaves as stated in the L Conjecture then the same holds for {Xt , Ht) 
where t varies in an open subset of Q° containing (the orbit of) (Xtg^Htg). In 
the next section we give examples of couples X, h, 4> where X is a deformation 
of (KS)!"!, h e hI'\x) has de gree 2 for Beauville's form and ci is a rational 
involution of X with H'^{4)) = Rh- In our examples X is always a moduli space of 
rank-r torsion-free sheaves on a Ki surface S. The involutions were introduced 
by Beauville in the rank-1 case, by Mukai when r > 2. The new example 
in Subsubsection H4.3|) is a generalized Mukai reflection. We spend some time 
proving that the action on is indeed the reflection in a class h of square 2: 
once this is proved we know that the regular involutions are stable under small 
deformations of [X, h) . There are examples of regular involutions in any (even) 
dimension as long as we allow r to be arbitrarily large. We expect that all of the 
examples we give (with the possible exception of the one in Subsubsection 1)4. 
are "polarized" deformation equivalent but we do not prove this, see Section 
One should notice that if we have 2 regular involutions (f>i , 4)2 on the same X with 
H^(<f>i) = Rhi where /ii,ft.2 are independent then 0i o 02 is an automorphism 
of infinite order generating an interesting dynamical system. If furthermore X 
and 01 , 4>2 are defined over a number field K one may study the action of 0i o 02 
on X{K): this was done by Silverman 31 for X a K3. We briefly discuss this 
in Subsection 1(4. 4|l . Section ((SJ is devoted to examples of degree-2 polarized 
{X,H) where X is a deformation of (ifS)'"' and \H\ has the good behaviour 
stated in the L Conjecture. We give examples in dimensions 4,6,8. In doing 
so we prove that the so-called Strange duality statement |H1 EOI HI 1^ holds for 
certain couples of moduli spaces of sheaves on a K3. We examine more closely 
the 4-dimensional example (first given by Mukai [22|): a moduli space X of rank- 
2 sheaves on a K3 surface SQF^ of degree-10, with H a suitable ample divisor. 
We have an identification = |/s(2)| (Strange duality) and the image of 

X — !■ |/s(2)| is the non-degenerate component, call it Y, of the hypersurface 
parametrizing singular quadrics, the other component being a hyperplane. Y 
is a sextic 4- fold in P^, singular along a smooth surface; Conjecture L predicts 
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that the generic degree-2 polarized (X, H) with X a deformation of (i^ 3) is a 
double cover of a sextic 4- fold in . This explains one of the main motivations 
for formulating our conjectures. If the L Conjecture is true in dimension 4 
then we should have a relatively explicit way of describing all degree-2 polarized 
{X,H) with X a deformation of (i^TS)'^! and hence also the relevant moduli 
space, call it M2. In this respect we notice that all known explicit constructions 
of irreducible projective symplectic varieties give families of codimension 1 in 
the relevant moduli space, with one exception - the variety of lines on a cubic 
4- fold [S]: in this case we get a whole component of the moduli space Mg of 
degree-6 polarized {X,H) with X a deformation of {Ki)^"^^ and (ci(7J),-) a 
functional on divisible by 2. If Mg is irreducible then global Torelli 

for deformations of (i^TS)'^! follows from Voisin's Torelli Theorem (22| for cubic 
4- folds. We do not know how to attack the problem of irreducibily of Mg; on 
the other hand the L Conjecture should allow us to describe M2, and once this 
is done we should be in a better position to study the period map. Going back 
to Mukai's example we notice that the dual hypersurface F^fi(P^)^ is the image 
of another symplectic variety X^, in fact = S^'^\ via the complete linear 
system associated to a certain degree-2 divisor which is base-point free but 
not ample - it contracts a P^. We expect that there is an involution on the 
moduli space of degree-2 quasi-polarized {X,H) {X a deformation of {K3)^^^) 
which generalizes the above duality: we will give some evidence for this in a 
forthcoming paper on the L Conjecture in dimension 4. 



2 The L Conjecture implies the I Conjecture 

Set Xq — X and ho = h. By Bogomolov's Theorem 6 Xq has a smooth versal 
deformation space and hence there exists a proper submersive map n: X —> B 
between manifolds and a point G B with the following properties: 7r~^(0) = Xq 
and the Kodaira-Spencer map 

Tb.o^H'{Txo) (2.0.1) 

is an isomorphism. The germ {X,Xo) —> (S,0) is identified with the deforma- 
tion space of Xq: we say that tt is a representative of the versal deformation 
space of Xq. We set Xt :— 7r~^(i). The holomorphic symplectic form on Xq 
defines an isomorphism Tx,, = 0^ £ind hence H^{Txq) = H^{&\ )■ since 
/ii(0i^J = 21 (see Prop. 6, p. 768 of we get by lITirni that 

dimB==21. (2.0.2) 

We assume that B is simply connected and therefore there is a well-defined 
period map 

B ^ HH^iXQ)) 
t ^ g^'{H''"iX,)) 

where gt'- H'^{Xq) H'^{Xt) is given by parallel transport with respect to the 
Gauss-Manin connection (see for example (9.2) of (3^) along any path from 
to t. As is well-known (see Thm (7.3), p. 254 of ^) P defines an isomorphism 
of a neighborhood of onto an open subset (in the classical topology) of the 
smooth quadric 

Q:={£GP(if2(Xo))| (^,£) = 0}. 
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Let B{ho)6B be the subset of t such that gt{ho) G H'^{Xt) is of type (1, 1): thus 
B{ho) — P^^(ft.^). Since P is a local isomorphism 

B{ho) is smooth of codimension 1 near 0; (2.0.3) 

by H2.0.2I) we get that dimB{ho) = 20. Let 

B{hQ)am ■= {t e B{ho)\ ht or —ht is the class of an ample divisor}. 

This is a Zariski-open subset of B{ho); we claim that 

B{ho)am + 0. (2.0.4) 

In fact by the stated property of the period map P the set 
B(/io)i := {i e S(/io)| tll^Xt) = -Lht) 

is the complement of a countable union of proper hypersurfaces of B{ho), hence 
there exists t G B{ho)i] by Huybrechts' Projectivity Criterion t £ 

B{ho)am- Changing sign to ho if necessary we can assume that ht is ample for 
t G B{ho)am- Now assume the L Conjecture ()1.2|l : then there is a Zariski open 
non-empty subset 

B{ho)gdQB{ho) am 

such that for t G B{ho)gd the complete linear system \Ht \ enjoys the properties 
stated in 11.211 . (Here Ht G Pic{Xt) is the divisor class such that ci{Ht) — ht.) 
Let (j)t: Xt — > Xt be the covering involution and TtQXt x Xt be the graph of 
(f>t- We prove the I Conjecture H1.3|l by considering the limit of Ft as i ^ 0. 
We view Ft as an element of the space C2n{X Xb X) parametrizing effective 
compactly supported analytic 2n-cycles constructed by Bar let Q]. Let {tfcjfeeN 
be a sequence of points tk G B{ho)gd converging to 0; such a sequence exists 
because B{ho)gd is a Zariski-open and dense subset of i?(/io). Proceeding exactly 
as in the proof of Theorem (4.3) of we see that passing to a subsequence 
we can assume that {rfj,}fegN converges to an effective analytic 2n-cycle Tq on 
Xo X Xq. This (see the proof of Theorem (4.3) of IT) implies that there is a 
decomposition 

i 

where 4>o '■ • • • > -'^o is a birational map, T{<po) is the graph of 0o, n-i > 0, &i 
is irreducible and 0iQDi x Ei where Di,EiQXQ are proper subsets. Since Ftj. 
is invariant for the involution of Xt^. x Xt^. interchanging the factors the same 
must hold for Fq; this implies that r((/)o) is invariant for the involution, i.e. (/)o 
is a birational involution. Finally let's show that iJ^((/>o) is as stated in the I 
Conjecture (|1.3(l . For L an analytic cycle on Xq x Xq we let -ff^(L) : H'^{Xq) — * 
H'^{Xq) be the map defined by the Kiinneth component in H'^{Xq)®H'^'^~'^{Xq) 
of the Poincaire dual of L. Let : H*{Xa x Xq) — *■ H*{Xt x Xt) be given 
by Gauss-Manin parallel transport along any path going from to t: since 
Gt([Fo]) - [VtA we have 

i/2(r„) = Gi'H^Tt,) - Gi'H\cl,t,) = Gi'Rk, = Rg-^u^ = Rho, (2.0.5) 

where the third equality follows from H1.0.5|) . Now we determine H'^{@i). If 
cod(A, X)> I then H'^{&i) = 0. Assume that cod(A, X) = 1 and let Ci be a 
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generic fiber of tlie map 0^ Di induced by the projection Xq x Xq Xq to 
the first factor; thus Ci is a curve. Then 

^'(00(7)- (j^^ 7) [A] 

where p: Xq x Xq Xq is the projection to the second factor. This equation 
together with H2.0.5|l proves that (|1.Q.6|I holds. 

3 Stability results 

Let Xq be an irreducible symplectic manifold - not necessarily a deformation of 
(i4r3)["l. A (regular) involution (j)o- Xq ^ Xq is anti-symplectic if 

(f>a<yQ = -CTo (3.0.1) 

where ctq is a holomorphic symplectic form on X. We have an orthogonal 
decomposition into eigenspaces 

H^iXo;Q) = H^{4>o){+1)q ©± iJ'(0o)(-l)Q. 
3.1 Involutions 

Assume Xq and (j)o are as above. By Bogomolov's Theorem |H| Xq has a smooth 
versal deformation space; let tt : X —^ B he a representative for the deformation 
space of Xq and Xt := 7r~^(i). Let 

B{<j>Q) := {t e B\ 3<j)t : Xt~^ Xt deformation of 0o}- (3.1.1) 

Equation ^^Jil^ gives that H'^^"{Xo)QH'^{(j)Q){-l) and hence 

Lq ■.= H^{<j>Q)i+l)Qm^\XQ). 

Let 

BiLo) := {i e S| gt(Lo)fiifQ''(^t)} 

where : H'^{Xq) H'^{Xt) is given by Gauss-Manin parallel transport along 
any path connecting to t (we assume that B is simply connected). 

Proposition 3.1. Keep notation and assumptions as above. In a neighborhood 
of we have i3(0o) = B{Lq). 

Proof. By the universal property of the deformation space there exist an invo- 
lution t: B B fixing and an isomorphism $: t* X ^ X of families over B 
whose restriction to Xq is equal to (t)Q. (We allow ourselves to shrink B.) Let 
B'^QB be the fixed locus of t; then 

B^fiB(0o)fiS(Lo)- 
Since B"^ is smooth it suffices to prove that 

Tb^,o — Tb(Lo),o- (3.1.2) 
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Let ujQ be a symplectic form on Xq] contraction with ujq defines an isomorphism 

Tb,,^H\Txo)^H\01,J. (3.f.3) 

With this identification we have Tb(L(,),o — I^o — H'^{4'o){^^)- On the other 
hand Isomorphism (|3.f gives an identification 

because (j)o is anti-symplectic. This proves H3.1.2|l . □ 

As an immediate consequence we have the following result. 

Corollary 3.2. Keep notation and hypotheses as above. Assume furthermore 
that H'^{4'q) = Rhg where ho G H^'^{Xq). Then 00 extends to all small defor- 
mations of Xq that keep ho of type (1,1)- 

3.2 Linear systems 

Let {Xo, Ho) be a degree-2 polarized deformation of (if3)["l. Let Q° be the open 
subset of a Hilbert scheme given by (|1.().4|1 : thus we may think that G Q° 
and that Xq is the (embedded) variety corresponding to 0, with 0x0(1) — 
Oxoi^nHo)- Notice that is smooth at because by (|2.0.3|l the deformation 
space of {Xo, Ho) is smooth: let ^fiQ° be the irreducible component containing 
0. 

Proposition 3.3. Keep notation as above. Suppose that \Ho\ has no base-locus 
and that fo '. Xo l-^ol^ 'i-s of degree 2 onto its image Yo, hence there exists an 
involution <j)o '. Xo — > Xo such that fo is the composition 

Xo ^ Xo/ {(j)o) Yo, 

where ttq is the quotient map and vo is the normalization map. Suppose also 
that 

H\4>o) - Rho (3.2.1) 

where ho '.= ci(Ho). Then there exists an open non-empty subset VQA such that 
the statements above hold when we replace {Xo,Hq) by {Xt,Ht). 

Proof. Having no base-locus is an open property; since \Ho \ has no base-locus we 
get that \Ht \ has have no base-locus for t varying in an open non-empty subset of 
A. Now consider the other statements. First locally around we can extract the 
f„-th root of Oxt (1). More precisely there exist a quasi-projective manifold U, a 
finite map p:U^A and a point Q €U with the following properties: p(0) = 0, 
p is submersive at and the pull-back C : X oi the tautological family over 
A carries a divisor class Ti. such that for t e U we have {ci{Ht),ci{Ht)) = 2 and 
Ox,(l) = Ox.iinHt). (Here X* := ir-^t) and Ht := H|x,.) By Corollary ^ 
there exists a Zariski-open UinvSU such that for t G Uinv we have an involution 
ipt'. Xt — » Xt with H'^{(j)t) — Rhf Lst Xinv '■= '^~^i^^inv)', then we have an 
involution $: Xin^ restricting to (j)t on each Xt. Let y := Xin^/i^) 

be the quotient. The map ^: 3^ — » Umv is analytically locally trivial hence ^ 
is a flat family. Let Tiim, be the restriction of H. to Xinv ■ We claim that Tiinv 
descends to a divisor class H on y-. this follows at once from the fact that by 
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hypothesis Hq descends to the divisor class on Yq given by ly^OYoi^)- Letting 
ft'. Xt ^ Yf be the quotient map we have the pull-back 

ft:H%Yt-Ht)^H\XuHt). (3.2.2) 

We claim that /j* is an isomorphism for all t G Umv Since f^ is injective it 
suffices to check that 

h°{Yt;Ht)^h"{Xt;Ht). (3.2.3) 

We claim that 

hPiYt;Ht)^O^hP{Xt;Ht), p > 0. (3.2.4) 

This follows from the classical Kodaira vanishing for Xt because Kx^ ~ and 
for Yt we apply for example Theorem (1-2-5) of ^Sl; notice that Yt has terminal 
singularities and Ky^ = (for this we need dimXp > 4, if dimXo = 2 we are con- 
sidering K3 surfaces and the proposition is trivially verified). From 13.2.4|l we 
get that in order to prove (|3.2.3|l it suffices to show that xO^t', Ht) ~ xi^t] Ht). 
Since Xinv — > Uinv and y — > Uinv are flat families and Umv is connected it 
is enough to check that x(^;-ffo) = x(^o;-ffo)- By H3.2.4|l this is equivalent 
to h^iXQ^Ho) ~ h^{Xo; Hq): this we know by hypothesis. We have proved 
that (|3.2.2(l is an isomorphism. It follows that there is an open non-empty 
U[^-^^&Uinv such that for t G U^.^^ the map Xt Yt&\Ht\^ factors through the 
quotient map Xt — > Yt and that the induced map Yt —> Yt is the normalization 
map. Finally H'^{(f>t) is constant with respect to the Gauss-manin connection 
because is regular for all t G and hence H^{cj)t) = Rut because H3.2.1f) 
holds. □ 



4 Examples: involutions 

We give examples of birational involutions on deformations of (ii'3)["l whose 
action on is the reflection in a (1, l)-class h. In many cases the involution 
is regular and hence by Corollary H3.2|l it will extend to all small deformations 
keeping h of type (1,1). 

4.1 Beauville's examples 

These are involutions of S*'"' where S* is a Ki surface; they were introduced by 
Beauville, see pp. 20-25 of j^. 

4.1.1 Hilbert scheme of points on a KZ 

We recall the description of iJ^(S'["l) and its Beauville form (see Prop. 6, p. 768 
of PI, the remark following it and pp. 777-778). Let S**^"^ be the symmetric 
product of n copies of S; we have a natural "symmetrization" map s : H^{S; Z) 
i72(5'(«);Z). The cycle map c: ^I"] S^"^ gives rise to c* : 7J2(5'(");Z) ^ 
iJ^(S'["l). Composing s and c* we get the map 

H^{S;Z) H^{S^''^;Z) (4.1.1) 

which is an injection onto a saturated subgroup of _ff^(S'["l; Z). Let 

A„ := {[Z] G S*!"'! Z is non-reduced}, (4.1.2) 
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i.e. the exceptional divisor of c: there exists a (unique) divisor-class :^n such 
that 2S„ ~ A„, set ^„ := ci(S„). There is a direct sum decomposition 

il2(5["l;Z) =^(ff^(S';Z)) Z^n (4.1.3) 

orthogonal with respect to Beauville's form, and furthermore 

(/z(a),/i(/3)) = /gaA/? 
(en,Cn) = -2(n-l). 

Since fi is a. morphism of Hodge structures and ^„ is of type (1,1) Equality l|4.1.3|l 
determines the Hodge structure of iJ^(S'["l). Finally we recall that the Fujiki 
constant (see (|l.U.lf) ') of X = S'"' is given by 

cx = ^. (4.1.4) 



4.1.2 The involution 

Assume that -D2g-2 is a globally generated ample divisor on S with 

-025-2 • -D2g-2 = 2.9 - 2. 

If [^] S S'[f~"'^l is generic then |/z(£'2g-2)| is one-dimensional and its base-locus 
(as a linear system of divisors on S) equals ZWW , where 14^ is a length- (g — 1) 
subscheme of S: Beauville defines a birational involution 

S-Is^il ••• > 5[f-il (4.1.5) 

by setting 0([^]) := \W] for the generic [Z] e S'l^^-^l. For g — 2 the map is the 
involution defined on a Ki of degree- 2. For 5 > 3 and D2g-2 very ample we have 
^fiPs and for [Z] generic Z\[W = {Z)r\S where (Z) is the (.g - 2)-dimensional 
span of Z. We will study H^{(j)). Let 

(/.(ci(i?2g-2)) -^g-i) e iJl'^^l^'-il). (4.1.6) 
Notice that {hg,hg) = 2. 

Proposition 4.1. For (S, D2g-2) varying in an open dense subset of the rel- 
evant moduli space of polarized K3 surfaces H'^i'p) equals the reflection in the 
span of hg i. e. 

H\^)ij) = i?,, := -j+ij,hg)hg. (4.1.7) 

Remark 4.2. The "relevant moduli space... "means the following. Let D2g-2 ^ 
kD2g-2 where fc 6 N and ci (1)29-2) is indivisible: the relevant moduli space is 
that of degree-(2'g — 2) polarized KS 's. 

Proof of Proposition ()4.1|> . First consider the case 5 = 2: then S/ {</)) = 
hence the (-l-l)-eigenspace of H'^{4') is generated by /i2 and thus H'^{4>) is the 
reflection in the span of /i2- Now assume that 5 > 3. By general considerations 
there is an open dense subset U of the moduli space such that H'^{4>) is "con- 
stant" over U. Shrinking U if necessary we can assume that -D2g-2 is very ample 
for all [{S,D2g-2)] G U. For [{S,D2g-2)] e U let 

/: 5[3-il...>Gr(l,|i^2<,-2|) 
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be the rational map sending [Z] to \Iz{D2g-2)\, and let L be the (very am- 
ple) line bundle on Gr(l, |Z?2g-2|) defined by the Pliicker embedding. Since (f> 
commutes with / we have 

rrci{L)^ TciL). (4.1.8) 

We claim that 

rci{L) = hg. (4.1.9) 

It suffices to prove (|4. 1.9(1 for one (S*, I?2g-2) G U because U is irreducible. By 
Hodge theory there exists (S*, I?2g-2) G U such that 

H'^\S) = Qc,{D2g-2). (4.1.10) 

By ((4.1.3|l we have 

H'^\S^<^-^^) = Qfl{ci{D2g-2)) (BQ^g^l. (4.1.11) 

Thus f*ci{L) — x^{ci{D2g-2)) + yS.g-1- We get x = 1 and y = — 1 by inter- 
secting with the algebraic 1-cycles 

r := {[pi + ---pg^2+p]\peC}, 

L := {[pi + ■ ■ -Pg-s + Z']\ Z' non-reduced}, 

where pi, ■ ■ ■ ,Pg-2 are fixed and C G |i?2g-2|; one must recall that 

(ci(Ag_i),L) = -2. (4.1.12) 

From (|4.1.8|l - l|4.1.9|l we get that 

(ji'hg^hg. (4.1.13) 

Now we determine the action of 0* on the remaining part of i/^(S'[^^^l). It 
sufhces to prove that (|4.1.7|) holds for (S*, 1)29-2) e U such that (|4.1.10|l holds. 
Since H1.0.2() is a homomorphiam H'^{(f)) is an isometric involution; by (|4.1.11|l 
and (|4. 1.13(1 we get that the restriction of H^{4>) to H^^{S^3~i]) either the 
identity or the reflection Qhg. To show that the latter holds it suffices to check 
that 

rci(Ag_i)^ci(A5_i). (4.1.14) 

By 1(4.1.12(1 any effective divisor homologous to Ag_i must be equal to Ag_i; 
since 0*(Ag_i) ^ Ag_i we get (14.1 ■l4ll . Now consider r( 5" Is "i]) := H^^S^s-n-^^. 
it is left invariant by the isometry H^{(t)). To finish the proof it will sufhce to 
show that the restriction of H^{4>) to T(S'[^'^^1) is equal to (—1). Since the 
eigenspaces of the restriction of H^{(j)) to T(S'[s^^l) are Hodge substructures 
and T{S^a-i]) has no non-trivial Hodge substructures, the restriction of H'^{4i) 
to T(5[f~il) is equal to ±1. Thus it suffices to show that 

0*(^[s-i]) = (4.1.15) 

where crl^^^l is the symplectic form on 5^^^^' induced by a symplectic form a 
on 5* (see |31, p. 766). Letting cj){[Z]) = [W] we have 

Z + W ^ D2g-2-D2g-2, 

and hence Equality 1(4.1.15(1 follows from Mumford's Theorem on 0-cycles (see 
Prop (22.24) of '3T). □ 
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4.1.3 More on the involution 

Let fs- S |-D2g-2r be the natural map and let Hg be the divisor class on 
5'[s-i] such that ci(iJg) — hg. Suppose first that 5 = 3, and consider the three 
possible cases 

(a) D4 is very ample and Im{fs) does not contain lines, 

(b) D4 is very ample and Im{fs) does contain lines £1, . . . , £k, 

(c) is not very ample, i.e. fs is 2-to-l onto a quadric. 

In case (a) the divisor class H3 is ample. Furthermore is regular (Propo- 
sition (11) of ^). Thus H^{4)) is constant on the open subset parametrizing 
{S,D2g-2) for which (a) holds; by Proposition H4.1|l we get that H'^{(j)) is the 
reflection in Z/13. Applying Corollary (|3.2() we get that (j) extends to all small 
deformations of S''^' keeping /13 of type (1,1) - notice that the generic such de- 
formation is not of the type {K3) . In case (b) the divisor class H3 is globally 
generated and big but not ample. Furthermore (j) is not regular (Proposition (11) 

of Ul). Beauville shows that to resolve the indeterminacies of (j) it suffices to 

(2) (2) 

blow wp £\ U • • • U £J. , and in fact (j) lifts to a regular involution on the blow-up: 
thus (j) is the flop of ^^^^ U • • • U£^^\ As is easily checked H'^{<j)) is the reflection 
in 2^,3. In case (c) the map (j) is not regular, in particular is not ample. 
Furthermore H^{4>) is not the reflection in Z/i3. Now consider g > 4: then the 
map (f) is never regular (p. 24 of 0]), in particular Hg is not ample. If g = 4, 5 
and S is generic then Beauville (p. 25 of 0]) shows that the indeterminacies of 
(j) are resolved by a single blow-up with smooth center (0 is a Mukai elementary 
modification |2Z1)- 

4.2 Mukai reflections 

These are involutions of moduli spaces of sheaves on a K3 surface. Beauville's 
involutions are never regular in dimension greater than 4: on the other hand 
Mukai reflections give examples of regular involutions on deformations of {K3)^"^ 
for arbitrary n. The action of a Mukai reflection on is the reflection in a 
class of square 2. 

4.2.1 Moduli of sheaves on a K3 surface S 

We recall basic definitions and results. Let be a sheaf on S; following 
Mukai 26 one sets 

v(F) := ch{F)^/Td{S) = ch{F){\ -I- 77) e H*{S\ Z), 

where rj G H'^{S;Z) is the orientation class. For a G H*{S) with degree-q 
component given by aq we set 

:= aQ — a2 + ol^. (4-2.1) 
On H*{S) we have Mukai's bilinear symmetric form defined by 

{u,'w) := - / uAw'^. (4.2.2) 
Js 
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By Hirzcbruch-Riemann-Roch we have 

2 

{v{E),v{F)) = -x{E,F) := - ^(-1)'' dimExt'(£;, F). (4.2.3) 

i=Q 

Let 

^^ = r + £ + s^]e H"{S; Z)>i ® H^'^S) ® H^{S; Z). (4.2.4) 

Given an ample divisor _D on 5 we let A^(v) be the moduli space of Gieseker- 
Maruyama Z3-semistable torsion-free sheaves F on S with v{F) — v; this is 
a projective variety An example: let D2g-2 be a divisor on S with 

D2g-2 ■ D2g-2 = 2g -2 and let 

V := l + ci(D2g_2) + r?. (4.2.5) 

Then A4{v) parametrizes sheaves Iz{D2g-2) where Z is a \ength-{g — 1) sub- 
scheme of S, hence A1(v) = S^^~^^. For the sake of simplicity we omit reference 
to D in the notation for A^(v); however one should keep in mind that if we 
change D the moduli space A^(v) might change. Assume that F is stable and 
that v{F) = v: the tangent space of Al(v) at the point [F] corresponding to F 
is canonically identified with Ext^i^, F) (see Cor (4.5.2) of _]Jj). Stability of F 
and Serre duality give 

1 = dimHom(F, F) = dimExt^(i^, F), 

hence (|4.2.3I) gives 

dimExt\F,F) 2+ (v,v). (4.2.6) 
By a theorem of Mukai 1^ we know that Ai (v) is smooth at [F] and thus 

dim[;^] M{v) = 2+ (v, v) if F is stable. (4.2.7) 

It has been proved that under certain hypotheses on D and v the moduli space 
Al(v) is an irreducible symplectic variety deformation equivalent to S*!"! where 
2n = 2 -I- (v, v) . In order to state a result which suffices for our purposes we 
give a definition. 

Definition 4.3. Keep notation and assumptions as above. The ample divisor D 
is w-generic if there exists no couple {r{),(io) consisting of an integer < rg < r 
and Iq G H^'^{S) such that 

{r£o - rof.) • D = 0, -(r2(v,v) + 2r^) < 4 (rfo - roif < 0. 

Given v there exists a v- generic ample D |3(J|. The following lemma is proved 
in ED]. 

Lemma 4.4. Keep notation and assumptions as above. Assume that r + £ is 
indivisible and that D is v-generic. Let F he a D-slope semistahle sheaf with 
v{F) = v; then F is slope-stable. In particular Ai{y) is smooth. 

The following theorem was proved by Yoshioka (see [21] for the case 
when £ is indivisible). 
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Theorem 4.5. [Yoshioka] Keep notation and assumptions as above. Assume 
that r + i is indivisible and that D is v -generic. Then A^(v) is an irreducible 
symplectic variety deformation equivalent to S*!"! where 2n — 2 + (v, v) . 

Under these hypotheses there is a beautiful description of H^{Ai{v)) and 
its BeauviUe form given by Mukai [221 and proved by Yoshioka [HHl (see [HD] for 
the case when £ is indivisible). First we need some preliminaries (see |2SI)- A 
quasi-family of sheaves on S parametrized by T with Mukai vector v consists 
of a sheaf on S xT flat over T with J^|sx{t} — F®*^ where v{F) = v and d 
is some positive integer independent of t\ we set (y{T) :— d. Two quasi-families 
!F,G on S parametrized by T with Mukai vector v are equivalent if there exist 
vector-bundles V, W on T such that T(g)p^V ^ G (g)p^W, where pr: SxT -^T 
is the projection. Given a quasi-family T as above we let 9jr: H*{S) H'^{T) 
be defined by 

^^(«) ^PT,* [ch{T){l + p*sv)P*s{a^% (4.2.8) 

where ps,Pt : SxT S,T are the projections and [■ ■ ■]q denotes the component 
of [• ■ •] in H'^{S X T). An easy computation gives the following result. 

Lemma 4.6. Keeping notation as above assume that T , Q are two equivalent 
quasi-families of sheaves on S parametrized byT with Mukai vector v. If a E 
then 

Mukai (Thm. (A. 5) of [2E|) showed that there exists a tautological quasi- 
family £ on S parametrized by A^(v) i.e. a quasi-family £ of sheaves on S 
parametrized by A^(v) with Mukai vector v such that £\sxlF] — F®'^'^^\ Fur- 
thermore the proof of Thm. (A. 5) of shows that any two tautological quasi- 
familes are equivalent. Thus by Lemma H4.6|l we get a well-defined linear map 

6iv:v-L — >i?2(X(v)) (4.2.9) 

by setting 9^ :— -^^^6jr where T is any tautological quasi- family of sheaves on 
S parametrized by A^(v). Now define a weight-two Hodge structure on H*{S) 
by setting FO := H*{S), := H°{S)®F^H^{S)®H*iS) and := F^H^{S). 
Since v is integral of type (1,1) the orthogonal v"*- inherits a lattice structure and 
a Hodge structure from H* {S). The following result was proved by Yoshioka 
(see PU] for the case when £ is primitive and for v isotropic). 

Theorem 4.7. [Yoshioka] Keep notation and assumptionms as above. Suppose 
that r -\- £ is indivisible, that (v, v) > 2 and that D is ^f -generic. Then 9^ is an 
isomorphism of integral Hodge structures and defines an isometry between v-*" 
and (ij2(>[(v);Z), (•,•)). 

An example: if v is given by H4.2.5(l we get H4.1.^^|) with n = g — 1. 

4.2.2 Definition of Mukai refiections 
Set r = s in 14.2.4() i.e. 

■V = r + e + rri, r > 1. (4.2.10) 
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Under certain hypotheses there exists a Mukai reflection on A^(v), i.e. a bira- 
tional involution 

?!)v: 7W(v)--- >X(v). (4.2.11) 
We will make the following assumption. 

Hypothesis 4.8. If A is a divisor on S the intersection number A ■ D is a 
multiple of £ ■ D. 

Remark 4.9. If Hypothesis i4.8}) holds then £ is indivisible and D is w-generic. 
By Theorem \4-5\j we get that A^(v) is a deformation of S^"' where 2n — 
(v,v, ) + 2. If furthermore (v,v) > 2 then by Theorem {4-8}) the Hodge and 
lattice structures on iJ^(A^(v)) are isomorphic to those of v-^ . 

We also add the following assumption: 

£-D>0. (4.2.12) 

Let [F] e M{v): then 

h^F)^0, xiF)=xiOs,F)^2r. (4.2.13) 

To get the first equahty notice that H^{F) = Hom(F, Os)^ by Serre duality and 
that by slope-semitability of F we have Hom(F, Os) = 0. The second equality 
follows from 14.2.3(1 . From (|4.2.13|l we get that 

h^{F) > 2r for [F] e A4(v). (4.2.14) 

Let 

F ■.= Im{H°{F)®Os F) (4.2.15) 
be the subsehaf of F generated by global sections. 

Lemma 4.10. [Markman] Keep notation and hypotheses as above. Then 

(1) F / F is Artinian. 

(2) the sheaf E fitting into the exact sequence 

^ E ^ H°{F)(g,Os F ^0 (4.2.16) 
is locally-free and slope-stable. 

Proof. (1) follows from Lemma (3.5), p. 661 in ^TB. (2): E is locally-free 
because is a torsion- free sheaf on the smooth surface S and hence its projective 
dimension is at most 1. That E is slope-stable is proved in pp. 682-684 
"The case a + b + t> a". □ 

Now let [/(v)fiA^(v) be the subset defined by 

[/(v) {[F] e A4(v)| h°{F) = 2r}. (4.2.17) 
By (14.2. 14|l U{v) is open in X(v). 
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Lemma 4.11. [Markman] Keep notation and hypotheses as above. Then ?7(v) 
is Zariski-dense in Adly). Furthermore f7(v) = A^(v) if 

(v,v) < (4r-2), (4.2.18) 

otherwise 

cod{M{v)\U{v),M{v)) = 2r + l. (4.2.19) 

Proof. Follows from Corollary (3.16), p. 672 of [22!- (Notice: the definition of 
fi{v) is on p. 628, loc.cit.) □ 

Let J7^(v)fiC/(v) be the open subset defined by 

U\v) := {[F] G C/(v)| F locally-free and globally generated}. (4.2.20) 

Let [F] <E U^{v); the sheaf E appearing in Exact Sequence H4.2.16|l is locally- 
free, slope-stable and v{E) = v{F)'^ . Thus [£'^] G A4{v) and we have a regular 
map 

C/^(v) ^ MM 
[F] ^ E'^ I4.2.2ij 



Theorem 4.12. [Markman] Keep notation and hypotheses as above. There 
exists an anti-symplectic ( see ^.V. 0. J|) ) birational involution 

with the following properties: 

(1) ipv is regular on ?7(v). In particular if i4.2.18\ ) holds then 4>^, is a regular 
involution. 

(2) The restriction of (j)^ to U^{w) coincides with the map given by \4--2.21\j . 

(3) MU'iv))^U'iv). 

Proof. In the notation of [52] the map (pv is qa of Theorem (3.21), p. 681, with 
a ~ b ~ r and C the line-bundle such that ci(£) = £. Markman does not prove 
that 0v is anti-symplectic. If r > 2 this follows from Proposition H4.14|l below. 
If r = 1 the map (/)v is Beauville's involution and hence it is anti-symplectic by 
Proposition (1) is Item (1) of Theorem (3.21), in [221 (the case t = 0). 

(2) is in ,22,, first line of p. 683. To prove (3) it suffices to show that 

<j)^{U\v))m\v) (4.2.22) 

because = (f>v Let [F] G C/''(v) and let E be the sheaf appearing in (|4.2.16|l : 
we must show that [E"^] G C/^(v). We know by Item (2) of Lemma H4.10|l that 
is locally-free. Applying the Hom{, C'5)-functor to H4.2.16|l we get a sequence 

0^ F"" ^ H^iPy ^Os ^ E"" ^0 (4.2.23) 

which is exact because F = F is locally-free. Thus is globally-generated. 
Since [F] G f/(v) we have H^{F^) = H^{F)^ = and hence the long exact coho- 
mology sequence associated to ()4.2.23|l gives h^{E^) = 2r. This proves (|4.2.22|l . 

□ 
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Lemma 4.13. Keep notation and hypotheses as above and assume furthermore 
that r >2. Then U^{'v) is Zariski-dense in A^(v). 

Proof. Let A(v)fiy\/((v) be given by 

A(v) {[F] e Al(v)| F^'' ^ F} (4.2.24) 

i.e. the (closed) subset parametrizing singular (not locally-free) sheaves. Let 

Q°{v):={[F]eU{v)\F^F} (4.2.25) 

i.e. the (closed) subset in U{v) parametrizing sheaves which are not globally 
generated. By Exact Sequence (104), p. 683 in |22 

0v(e°(v)) = A(v) n t/(v). (4.2.26) 

Since r > 2 we know that A(v) is a proper subset of A^(v) (see also (|4.17ll '). 
Thus e°(v) is a proper subset of X(v). Since C/^(v) C/(v) \ e''(v) \ A(v) we 
are done. □ 

Lemma H4.11|l and Theorem (14.12(1 allow us to produce many moduli spaces 
with a regular anti-symplectic involution. An example: let {S,D) be a 
degree- (2^ — 2) polarized K3 and set 

V := r + ci{D) + rrj, g < r^ + 2r. 

Choosing D as the ample divisor defining (semi)stability of sheaves we see that 
the hypotheses of Lemma ((4.11(1 and Theorem ((4.12(1 are satisfied except possibly 
Hypothesis 1(4.8(1 . For {S,D) contained in an open dense subset of the moduli 
space of degree-(25 — 2) polarized K3's Hypothesis (14.8(1 is satisfied as well and 
hence 0v is a regular involution of A4(v). Notice that we get examples in any 
(even) dimension. 

4.2.3 Description of H^{(j>v) and applications 

Throughout this subsubsection we assume that v is given by ((4.2.10(1 with r > 2 
and that both Hypothesis 1(4.8(1 and ((4.2.12(1 hold. By Remark ((4.9(1 we know 
that A4{v) is a deformation of (ifS)'"! where 2n = 2 + (v, v), and furthermore 
Theorem (14.12(1 gives us the birational involution 0v : -M (v) ■ ■ ■ > Ai (v) . We 
also assume that (v,v) > 2 i.e. that dimA4(v) > 4. By Remark ((4.9(1 we know 
that 6^ : H'^{A4{v)) is an isomorphism of lattices (and Hodge structures). 

Since (r^ — 1) e it makes sense to set h^ ■.^9v{i] — l); notice that {h^, h^) — 2. 
The following result extends to higher rank the formula of Proposition ((4.1() 
(notice that if v is given by ((4.2.5(1 then 9v{rj — l) = hg where hg is as in ((4.1.6(1 '). 

Proposition 4.14. Keep notation and hypotheses as above. Then i?^(0v) *s 
the reflection in the span ofh^, i.e. 

H'^{(f)^){a) — —a + (a, h^)h^. 

Before proving the proposition we give a corollary. Let be the divisor 
class such that ci{H^) = h^. 
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Corollary 4.15. Keep notation and hypotheses as above, and suppose further- 
more that (v, v) < (4r — 2), i.e. that dim A^(v) < 4r. Then: 

(1) 4)^ extends to all small deformations of Ai{v) that keep of type (1,1), 

(2) i?v is ample. 

Proof. (1): The map (pv is regular by Item (1) of Theorem l|4.12(l and thus 
Item (1) follows from Proposition (|4.14(l and Corollary (|3.2(l . (2): Let Hq be 
an ample divisor on Adly) - it exists because A^(v) is projective. Since 0v is 
regular (/'*-ffo is ample. Thus {Hq + (/)*_ffo) is an ample divisor class invariant 
for (/)*. By Proposition H4.14|l {Hq + 0*i?o) is a multiple of H^; thus either 
i?v or (— iJv) is ample. Suppose that {—H^) is ample: we will arrive at a 
contradiction. Let fi^- H'^{S) H^{M{\')) be Donaldson's map (see PHI) and 
L be the line-bundle on S such that ci(L) = I. By Hypothesis H4.8|l and (|4.2.12|l 
L is big and nef and hence 



''""'AAiv(^) >0 

1(v) 



/ Ci(-Fv)2 
Jm{v) 

where 2n = dim A^(v). By Fujiki's Formula Ijl. 0.1(1 we get that 

(-iJv,Aiv(^)) >0. (4.2.27) 

On the other hand the second-to-last formula on p. 639 of JHU (warning: the 
map 0v in EDI is the opposite of 9^ of the present paper) gives that 

(-ffv,Mv(^)) = [ £-£<0. 

Js 

This contradicts 1)4. 2. 27(1 : thus (— i?v) is not ample and hence must be 
ample. □ 

Before proving Proposition 14.14|l we prove some lemmas. The first lemma 
is very similar to Theorem (2.9) of |35j . 

Lemma 4.16. Let C/^(v) be as in \4.2.2(J{l and l^: U\v) A4(v) be the 
inclusion. Then 

iloH^(l)^) = i*oRh,^. 

Proof Let ./(^ : U\-v) [/^(v) be the restriction of c/)^ (see Item (3) of Theo- 
rem (I4.12|l ^ and $t x 0^. Let be the restriction to 5 x ?7^(v) of a 
quasi-tautological family on 5' x M{v). Let : H*{S) H*{S) be the 
reflection in the span of (ry — 1) i.e. 

i?(r,-i)(«) :--a+(a,ry-l)(?7-l). (4.2.28) 

v-*- is mapped to itself by because i?(^_i)(v) —v. Given 9v{a) e 

H^{M.{v)), where a £ v^, we have 

4 °^/..(^v(a)) = -1^0^(i?(^_,)(a)), 
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hence we must prove that 

0(^.).^(a) = 0^(i?(^_i)(a)). (4.2.29) 

Let p: S X U^{-v) U^i'^) be the projection. By definition of [/^(v) and 
Equation l|4.2.13|l we have 

i?V-^=0, q>0, (4.2.30) 

hence p*^ is locally-free of rank 2ra{J-). By definition of U^{v) the natural 
map p*(p*^) — > is surjective. Let £ be the sheaf on 5 x U^{v) fitting into 
the exact sequence 

^ £ ^ p*{p^T) ^ T ^0. (4.2.31) 

Let [F] e U\v) and [G] = (j)^{[F]). By definition of 0v we have S^'lsxlF] = 
G"^(-^) and hence the quasi-families (<i>^)*J^ of sheaves on 5 x C/''(v) with 
Mukai vector v are equivalent. By Lemma (14.611 we get that 

6»(<j,^).^(a) =6l£v(a), aev^. (4.2.32) 

By definition of (v) the sheaf J- is locally-free; taking the dual of 1)4. 2. 31(1 we 
get that 

OsAa) = p4P*ch{p,TyiT*iil + 77)a^)]6 - p4ch{Ty 7r*iil + ry)a^)]6 (4.2.33) 

where n: S x U^{v) ^ S is the projection. By 14.2.30(1 we have piXJ^) = p*(^) 
hence Grothendieck-Riemann-Roch gives that 

ciip,T) = cM^))= P*[cHT)Tr* {I + 2Tj)]e = 9:f (1 + 7^). (4.2.34) 

Thus 

p4p*c%,.F)^7r*((l + r;)a^)]6 = -p^T:* {{1 + T])a'')Uci{p,T) 

= 0^((a,l+77)(l+ 77)). (4.2.35) 

On the other hand 

p4c/i(^)^^*((l + 77)a^)]6 = -0^(a^). (4.2.36) 
Plugging 14.2.35II -(I4.2.36II into (|4.2.33ll we get that 

e£v(a) =0^(aV + (a,l + 77)(l + ?7)). 

By (|4.^.5^|l 

Since i?(^_i)(a) = + (a, 1 + 77) (1 + 77) this proves (|4.2.29|l . □ 
Lemma 4.17. Let A(v) 6e ^wcti by U.S. 24}) and 9(v) 6e the closure of \4.2.25{ . 

(1) Both A(v) and 0(v) are irreducible of codimension (r — 1). 

(2) A(v) ^ e(v). 
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Proof. (1): It is well-known that A(v) is irreducible of codimension (r — 1): 
it follows from the fact that for any w G H*{S) the moduli space A^(w) is 
either empty or of the expected dimension and by irreducibility of the Quot- 
scheme parametrizing length-g quotients of a fixed locally-free sheaf on S (The- 
orem (6.A.1) of PE])- One also gets that the generic F parametrized by A(v) 
fits into an exact sequence 

F ^ E -^Cp^Q, (4.2.37) 

where \E\ € A^(v -I- 77) is generic and locally-free, Cp is the skyscraper sheaf at 
an arbitrary p G S and g is an arbitrary surjection. From H4.2.26(l we get that 
also 6(v) is irreducible of codimension (r — 1). (2): Wc must prove that 

if [F] G A(v) is generic then F is globally generated. (4.2.38) 

Such an F fits into H4.2.37|l where [E] G A4{v + rj) is generic and locally- 
free. We claim that E is globally generated. The proof is analogous to that 
of Lemma (gUSJ. For [E] generic h°{E) = 2r -h 1 by Corollary (3.16), p. 672 
of [22]: let EQE be the subsehaf of E generated by global sections, then E/E 
is Artinian by Lemma (3.5) of |22|. One considers the Mukai map 

M{v + Tj) •••> M{l + v) 

[E] ^ [G^] 

where G is the sheaf fitting into the exact sequence 

^ G ^ H°{E) (^Os E ^0. 

A parameter count shows that E — E for a generic [E] G A^(v + 77), we leave 
the details to the reader. Let [E] G A^(v -I- 77) be generic, let tt: P(i?^) S 
be the projection and £, be the tautological line sub-bundle of -k*E'^ . Since 
H'^{E) — i/''(^^) we know that the linear system |^^| has no base-locus and 
hence we have a regular map 

/: FiE"") ^F{H°iEy) = P^''. 

Let g e Ep he the map appearing in (|4.2.37|l and let x ^ [g]; thus x G P(i?^). If 
df{x) is injective the sheaf F appearing in H4.2.37|l is globally generated. Thus 
to prove 14.2.38|l it suffices to show that dimlm(/) = dimP(i?^) = (r + 1): this 
follows from the easily computed formula 

□ 

Let f/'*(v)fiC/(v) be given by 

[/»(v) {[F] G ;7(v)| ^(F^^/F) + £(i^/F) < 1}. 
This is an open subset of M (v) because both 

[F] ^ 1{F'^'^ IF) and [F] ^ 1{F/F) 
are upper semicontinuous functions on the open U (v) . 
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Lemma 4.18. Keep notation and assumptions as above. Then 



cod{M{w) \ [/»(v),X(v)) > 2. 

Proof. By Lemma (|4.11|l we know that cod(A^(v) \ [/(v), A^(v)) > 2 and hence 
it suffices to show that cod (U (v) \ [/"(v), A1(v)) > 2. We have a decomposition 
([/(v) \ C/«(v)) = A(2^o) U A(i^i) U A(o,2) where 

A(2,o) {[^^]eC/(v)K(Fvv/F)>2}, 

:= {[^^] e [/(v)| £(FVv/F) > 1, £iF/F) > 1}, 
Ao,2) {[F]e[/(v)|£(F/F)>2}. 

^(2,0) is a proper subset of A(v), sec (|4.2.37|l . and hence ^(2,0) h^-s codimension 
at least 2 by Lemma (|4.17|) . i)fiA(v) n 9(v) and hence it has codimen- 
sion at least 2 by Lemma (14.17(1 . Finally by (108) on p. 683 of we have 
(/)v(^(o,2))6^(2.o) s-nd hence j4(o.2) hf^s codimension at least 2. □ 

Proof of Proposition ()4.14() . First we prove the proposition in the case 
r > 3. Since C/''(v) C/(v) \ 6(v) \ A(v) we get from Item (1) of Lemma (I4.17|) 
and Lemma ()4.11|1 that 

cod(yW(v) \ U\v),M{v)) > r - 1. 

Hence if r > 3 the map H^{lv) is an isomorphism, and thus Proposition ((4.14|) 
follows from Lemma ((4.16|l . We are left with the case r = 2, i.e. 

V = 2 + ^ + 27;. 

Let J V : [/"(v) ^ Ai{v) be the inclusion. The restriction of <f>v to U^{v) is an 
involution (pl of J7*(v): this follows from [221, P- 683. Let $t := Ws x Let 
T be the restriction to 5 x [/"(v) of a quasi-tautological family on S x A^(v). 
Then 

j:oH\cP^){9^ia))=0^^,^^,^ia), a e v^. (4.2.39) 

Let's construct a quasi-family equivalent to (<i>5,)*.F. Let be the sheaf on 
5 x [/' (v) given by 

where p: 5" x [/"(v) {/'*(v) is the projection. Let S be the sheaf on S* x ?7'*(v) 
fitting into the exact sequence 

0^£ ^ p* {p^T) -^T~^0. (4.2.40) 

As is easily checked f is a quasi-family of torsion-free sheaves on S parametrized 
by [/"(v) with Mukai vector v^. If [F] e [/"(v) then £\sx[f] = (E')"'^^') where 
the double dual of E' is isomorphic to the sheaf E of (|4.2.16|l . E' is slope-stable 
by Item (2) of Lemma (|4.10|) . and furthermore if [F] ^ (B(v) U A(v)) we have 
[E' L] = (pv{[F]), where L is the line-bundle on S such that ci(L) = £: these 
facts imply that the quasi-families of sheaves on S with Mukai vector v given 
by {^l)*T and £ (g) 7r*L are equivalent {n : S x U'^ (v) ^ S is the projection). 
Let g -.^ £ ^ ■n*L. By I4.2.39|l and Lemma lH^Ell we have 

3l o H''{cp^){e^{a)) = eg{a), a e v^. (4.2.41) 



20 



We compute the right-hand side. We have an exact sequence 

O^^^J^^A^O (4.2.42) 

where / is a sheaf such that supp[l) is mapped by p to 0(v) n U'^{v) with finite 
fibers. By Lemma (|4.17|l 8(v) is irreducible and hence 

P*ch3{l) = j:(nci(e(v))), n > 0. (4.2.43) 

Let /3 G n H*{S; Z) be the class such that 

0v(/9) =nci(e(v)), (4.2.44) 

and let Tp : H*{S) ^ H*{S) be defined by 

r^(a) := aoP - (e~^ A a, 1 + ?;)(! + ?/) - e"^ A a. 

Using 14.2.4011 . 14.2.42|l . (|4.2.4a|l and (|4.2.a4|l one gets that 

9eia) = e:r{Tf3{a)). 

Now notice that Tp{v-^) = (warning: is not an isometry!) and hence we 
can rewrite the above equation as 

ee(«)=J>^v(7>(a)). (4.2.45) 

By H4.18|l the map H^{jv) is an isomorphism, hence l|4.2.45|l together with (|4.2.41|1 
gives that 

H^{(j)^){9^{a)) = e^{Tp{a)), a e v^. (4.2.46) 

Since (|1.U.2|I is a homomorphism H'^(<pv) is an isometric involution and hence 
the restriction of Tp to is an isometric involution. We claim that this implies 
that 

/?=-(<?- 3) 277. (4.2.47) 

Since with this value of f3 we have Tp — the above equation proves 

Proposition for r = 2. Let's prove that 14.2.471) holds. Let Lv (C ® 

OeCr?) nv-L and Sv := H'^(S)r\l^] thus = Lv ®± Sv Since Tp{^^) = 
we have T^(Lv) = Lv; since (1 — 77) G Lv and Tp{l — rf) G /? + Lv we have 
/3 G Lv Let /3 = feo + ^2^ + bj^r] where hi G Z: thus 

Tp{a) = aofoo + 00^2^ + ao64'7 - (e~^ A a, 1 + 77) (1 + 77) - e"^ A a. (4.2.48) 

A straightforward computation shows that the restriction of the above map to 
V"^ is an involution only if (|4.2.47ll holds. □ 

It follows from H4.2.44(l and 14.2.47(1 that 

ci(e(v)) = 6lv(-(.9 - 3) 27/) ifr = 2. (4.2.49) 
By ()4.2.26|l we have A(v) = Ce(v) and hence 

ci(A(v)) = 6iv(2 + ^+ (5-3)7;) ifr = 2. (4.2.50) 
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4.3 Another example 

Let 5 be a K3 surface, Hs be a divisor on S with 

Hs-Hs^2g~ 2. (4.3.1) 
Let hs '■— ci(iJs). Let /i and ^2 be as in H4. 1.111 and (|4.1.3|l respectively and let 

h -.^ ^iihs) ~ t(2- (4.3.2) 

If 

g^2 + t^ (4.3.3) 

then {h, h) = 2 and hence the I Conjecture H1.3|l predicts the existence of an anti- 
symplectic birational involution of 5^^'. Let us test the conjecture for t = 0, 1, 2. 
It suffices to produce the anti-symplectic involution under the hypothesis that 
{S, Hs) is the generic couple with S a K3 and Hs an ample degree-(2g — 
2) divisor of a given divisibility. In fact once this is proved the degeneration 
procedure of Section (0) will give that the desired involution exists in general. 
Assume that (S, Hs) is polarized and generic; thus by '23' the generic curve in 
\Hs \ is smooth and its genus is given by the g appearing in H4.3.1|) . If t then 
g = 2 hence S" is a double cover of and the covering involution (f>s S ^ S 
induces an anti-symplectic involution cj) of S^^^ Notice that H^{(t>) is never 
equal to Rh (the reflection in Z/i) because (j)*A2 — A2 where A2 is as in (|4.1.2|l . 
U t — I then g — 3. Let (/>: 5'^! — ^ S''^' be Beauville's involution defined in 
Subsection (|4.1|) . By Proposition (|4.1I) we have H'^{4>) — Rh generically. (See 
also the comments at the end of Subsection (|4.1|1 .') Now lei t — 2. In this 
case we get a new example. Since Hs is ample and 5 = 6 we know by 
that the linear system \Hs\ has no base-locus and that it defines an embedding 
S ^ \Hs\^ = as a degree-10 surface. According to Mukai [2H1 the generic 
Ki surface of degree 10 in P^ is described as follows. Let G(l,P'*)fiP^ be the 
Pliicker embedding of the Grassmannian of lines in P'' and let 

:= G(1,P'^) nP^ (4.3.4) 

where P^fiP^ is a linear space transversal to G(1,P''). Wc have Kp = Of{—2) 
and degi^ = 5 i.e. F is a Fano 3-fold of index 2 and degree 5; by Iskovskihf|17j. 
Thm. (4.2)) there is one isomorphism class of such Fano 3-folds. If QfiP^ is a 
quadric transversal to F then 

S:=Fr\Q (4.3.5) 

is a K'i surface of degree 10 in P^. Mukai ([2H|, Cor. (4.3)) proved that the 
generic if 3 of degree 10 is given by H4.3.5(l . We will define an involution on S't^' 
analogous to Beauville's involution on r^^l where TfiP'^ is a quartic surface: one 
replaces P'^ by F and G(l, P'^) by the Hilbert scheme W{F) parametrizing conies 
in F. Before defining the involution we state two results on lines and conies lying 
on F . Let R{F) be the Hilbert scheme parametrizing lines contained in F. For 
p e F let 

Rp:={[L]eRiF)\peL}. (4.3.6) 
The following result is due to Iskovskih. 
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Lemma 4.19 (Cor. (6.6) of |17p. Keeping notation as above, R{F) is iso- 
morphic to P^. 

For Z G (P^)[2] wG let {Z)&F^ be the line spanned by Z. Let Bfii^t^l be the 
closed subset given by 

B:={[Z]eF^^^\{Z)QF}. (4.3.7) 

For [Z] e and [I] £ R{F) let 

Wz :={[C] e W{F)\ Z&C}, 

Rj: ■.={[L] e R{F)\ [L + L]eW{F)}. 

We will prove the following. 

Lemma 4.20. Keep notation as above. Then 

(1) Let [L] G R{F). Then R-j^ is isomorphic to f'^. 

(2) Let [Z] G // [Z] G B then Wz consists of those [C] G W{F) such 
that C contains (Z) (hence Wz is identified with R[z))- If [Z] ^ B then 
Wz consists of a single conic. 

(3) W{F) is irreducible, rational of dimension 4. 

Granting this lemma for the moment being, we proceed to define the invo- 
lution. We make the following assumption regarding S: 

S contains no line and no conic. (4.3.8) 

Let ^5 := i? n S*!^! - this makes sense because we have an inclusion S'l^lfiFl^l. 
Let U (S'Pl \ Bs); U is Zariski-dense in ^I^l because cod{Bs, S^^^) = 2 by 
Lemma ()4.19f) . We will define a regular map 

(Iju ■■ U S^^l (4.3.9) 

Let [Z] G U. Since [Z] ^ Bs there is a unique conic Cz&F containing Z (Item (2) 
of Lemma (I4.2()|) 'l. As is easily checked the ideal of Z in Ocz is locally principal 
because [Z] ^ Bs- Thus there is a well-defined residual scheme Z' of ZQ{Czr)S) 
in Cz ■ The intersection Cz n S" is a scheme of length 4 by 14.3.8|) , and hence 
[Z'] G S'[21. We define the map 4>u of (lOH by setting (j)u{[Z]) := {[Z']). 

Proposition 4.21. Keep notation as above. Then: 

(1) (flu is regular and it extends to a birational involution (j): S^"^^ ■ • ■ > S^'^\ 

(2) H'^{(t>) = Rh where h = ^l{hs) - 2^2- 

Proof. (1): One verifies easily that (pu is regular. Furthermore 4>u{U) — U and 
(pu is an involution of U: thus </) is a birational involution. (2): By H4. 3.5(1 and 
the hypothesis the complement of U in S^^^ has codimension 2: since (p is regular 
on U it follows that H'^{(t>) is locally constant over the family of K3 surfaces 
given by ((4.3.5|l . Hence arguing as in the proof of Proposition 1(4.111 we see that 
it suffices to show that: 
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(2a) (t)*h = h, 
(2b) 0*A2 ^ A2, 
(2c) = 

where aPl is the symplectic form induced on S'^^l by a symplectic form a on 5. 
(2a): Consider the regular map 

51^1 |/5(2)r^P^ (4.3.10) 

[Z] ^ {Qe\Is{2)\\ {Z)QQ}- 

One checks easily that f*ci (0^5(1)) = h; since / commutes with (j> this proves 
Item (2a). (2b): If the quadric Q of (|4.3.5|l is chosen generically then the generic 
conic parametrized by W{F) which is tangent to Q intersects Q in two other 
distinct points and hence 4)*A2 ^ A2. (2c): Let e V and ^([^i]) = for 
z = 1, 2: by Lemma H4.2()|l WiF) is rational and hence 

^1 + ^1 ^ ^2 + Z'2 

where ~ is rational equivalence. Thus 0* by Mumford's Theorem 

on 0-cycles (see Prop (22.24) of |M1)- □ 

Proof of Lemma ()4.20|) . We need to recall Iskovskih's description of a bira- 
tional map between F and a smooth quadric 3-fold ((6.5), p. 511 of ^7]). There 
exists a line L06F such that ^LqIf — Olq® C'lq- Projection from Lq defines a 
birational map 

tt: i^--- > Qo 

to a smooth quadric 3-fold Qq. The indeterminacy locus of tt is resolved by 
blowing up Lq. There is a smooth twisted cubic yBQo such that the induced 
regular map Blj^^ (F) — > Qq contracts the proper transform of any line in F 
meeting Lq to a point of Y. The inverse tt^^ ■ Qo ■ ■ ■ > F is given by |/y(2)|, 
the linear system of quadrics containing Y. The indeterminacy locus of 7r~^ 
is resolved by blowing up Y and the regular map BlyiQo) — > F contracts the 
proper transform of every chord of Y contained in Qo (the intersection (Y) DQq 
is a smooth quadric surface). In order to prove (1) of Lemma (|4.20() we describe 
R{F) via TT. Let [L] G iR{F) \ {[Lq]}). From the above it follows that if 
i n Lo = then tt{L)SiQo is a line meeting Y and not contained in (Y), and 
that viceversa every such line is mapped by tt~^ to a line LQF with L n = 0. 
l{ L n Lq ^ $ then tt contracts L to a point and viceversa to every point of Y 
there corresponds an [L] e R{F). (Associating to a point q ^ Y the unique line 
RQ{Y)nQo such that ROY = qwe may view the latter case as a degeneration of 
the former.) Item (1) of Lemma (I4.2()(l follows easily from the above description 
of R{F). In order to prove (2) we describe W{F) via tt. Let [C] G W{F). If 
CnLo = then it{C) is a conic not contained in (Y) with tt{C) ny a scheme of 
length 2, and viceversa every conic in Qq not contained in (Y) and intersecting 
y in a subscheme of length 2 is mapped by 7r~^ to a conic C&F with CCiLq — 0. 
If C n Lq is a point then tt maps C to a line in Qq not contained in (Y) , which 
meets Y if and only if C is reducible, and viceversa every line in Qo and not 
contained in (Y) is mapped by tt~^ to a conic CQF such that C DLq is a point. 
(The latter case can be viewed as a degeneration of the former case by adding 
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to the line in Qq a suitable chord oi Y .) Of course if C D io then /(C) is 
a point of Y and viceversa.... Item (2) of Lemma (|4.20l) foUows easily from 
the above description of W{F). Let's prove Item (3). By the above description 
W{F) is irreducible of dimension 4 and the generic conic parametrized by W{F) 
is smooth. Let H&F be a smooth hyperplane section: thus is a del Pezzo 
surface of degree 5 - the blow up of at 4 points no 3 of which are collinear. 
Since the set of conies belonging to H has dimension 1 we have a rational map 

W{F) ■■■> 

[C] ^ [cr\H]. 

Let Li, . . . , Liofii? be the 10 lines of H: by Item (2) of Lemma (|On|) the 
above map is an isomorphism on the complement of IJ^f^]^ Lp'. Thus W{F) is 
birational to and hence it is rational. □ 

4.4 Two involutions 

Let X be an irreducible symplectic variety with Hi,H2 ample divisors. Let 
hi := ci{Hi); we assume that /ii,/i2 are linearly independent. Suppose that 
there exist regular involutions (f)i: X ^ X for i = 1,2 such that H^{4>i) = Rh^- 
Let ip := o (j)2; then H'^(tp) is described as follows. Let L := M.hi © M/12. 
The restriction of Beauville's form to L has signature (1, 1) and hence we have 
a direct sum decomposition 

H^{X;R) =L©L-^. 
There exist a basis {e^, e_} of L and a real number I > 1 such that 

(e+,e+) = (e_,e_) = 0, H^me±) = 

In particular has infinite order and it should give an interesting dynamical 
system on X (see the Introduction of HU). Now assume that X and <j>i,<j>2 
are defined over a number filed K. Following Silverman |31j (now we should 
assume, and this is always possible, that hi G (M+e-|_ ©R+e_)) we may associate 
to e± a normalized logarithmic height h± defined on all p E X{K) and having 
the following properties: 

(1) h±{p) >0forallp£X(7?), 

(2) h±{i^{p))^l^^h±{p), 

(3) h+{p) = h^{p) = if and only if the orbit {-0-'(p)}jez is finite. 

This might be used to produce many rational points on X. Silverman's argu- 
ment shows that there are no ^/i-invariant effective non-zero cycles of dimension 
or codimension 1. Thus if p G X{K) with /i+(p) 7^ or h-(p) ^ then the 
Zariski-closure of {'4>\py\j^z is all of X or some effective cycle of dimension 
1 < c? < (dimX — 1). A concrete example: Let SW^ x P'^ be the complete in- 
tersection of El, . . . , E4 G |C'p3(l) M C'p3(l)|. For general Si, . . . , E4 the surface 
5 is a if 3 and the projection tt^ : ^ P'^ to the i-th. factor is an isomorphism 
to a smooth quartic with no lines. Let :— ci(7r*Op3(l)). Let X := ^'^l and 
hi := (/i(^i) — £,2) where /i and ^2 are as in H4.1.3|l : this is an example of the 
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situation described above. In fact we have Beauville's involution (pi : S^"^^ S^^^ 
with H^{(j)i) — Rhi, see Subsection (I4.1|l . Assume that Ei, . . . , S4 are defined 
over a number field K: we can show that there exists a finite extension K' D K 
with X{K') Zariski-dense proceeding as follows. There exists a K' such that we 
have a curve C € |7r*C'p3(l)| defined over K' which is birational to P)^,. Then 

R:={[Z]eS^^^ supp{Z)eC, [Z]eA2} 

is a ruled surface with R{K') Zariski-dense in it. One checks that the i/i-orbit 
of the Poincare dual of R is infinite. Since there are no ^/;-invariant effective 
non-zero divisors we get that the Zariski closure of {ijj^ {R{K'))} is the whole 
of 

5 Examples: linear systems 

We will give examples of degree-2 polarized deformations of (iCS)!"! which sat- 
isfy the hypotheses of Proposition i.e. evidence in favor of the L Conjec- 
ture 1)1. 2|l . The examples are inspired by Mukai (Ex. (5. 17) [21]): he gave the 
4-dimensional example. In proving that the linear systems of our examples are 
well behaved we will verify that a so-called Strange duality (see [HI EOI HI I21j ^ 
holds for the linear systems in question. We will make the connection with 
Strange duality in a separate subsection. In the last subsection we will examine 
more closely the 4-dimensional example. 

5.1 The examples 

Let iS* be a KZ surface, D an ample divisor on 5* and let 

v:=2 + £ + 2t?, (v,v}<6. (5.1.1) 

We assume that both Hypothesis 14.8|l and Inequality 14.2.12|l hold - recall that 
this is always possible, see the end of Subsubsection 1)4.2.2(1 . Thus by Item (1) 
of Theorem (|4.12l) the involution 0v : M. (v) A4 (v) is regular and by Corol- 
lary H4.15|l the divisor class is ample. We will show that Proposition 
holds for Xq = A4{v) and Ho ~ H^. Let L be the line-bundle on S such that 
ci (L) = t. we assume that 

i is ample, L - L = 2g -2. (5.1.2) 

By (15.1.1(1 we have 

dimX(v) = 2(,g-4), g < 8. (5.1.3) 

It follows from our hypotheses and the results of Mayer |23] that \L\ has no 
base-locus and that the map 

is an embedding. From now on S is embedded in by the map fs- If .9 = 8 
we make the following extra assumption. Let 

Gr(2,C^) ^ P{A^C^) = Pi'^ 
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be the Pliicker embedding: we assume that 

S = (Gr(2, C*^) n P^, transversal to Gr(2, C^). (5.1.4) 

The generic polarized K3 of degree 14 is obtained in this way, see |2H|- (This 
assumption forces us to choose L, D with L®*^ = Os{D).) Let Ei3|/5(2)| be the 
locally closed subset given by 

S {Q e |/s(2)| I rkQ = 6, sing{Q) n S = 9}. 

If Q e S let Fg_3{Q)mr{g - 3,Pf) be the subset parametrizing {g - 3)- 
dimensional linear subspaces contained in Q; thus Fg-^{Q) has two connected 
components. If L £ Fg^^lQ) the intersection number (L • S)q of L, S as cycles 
on Q is well-defined because S is contained in the smooth locus of Q. If L, L' G 
Pg-3{Q) belong to the same connected component then (L • S)q = (L' • S)q. 
On the other hand if L, L' belong to different connected components then 

(L • S)q + (L' • S)q =2g-2. 

Thus if Q G S there exists an integer < i{Q) < g — 1 such that for every 
L e i^g-3(Q) we have 

(L.5)Q = (g-l)±*(Q). 

Let 

S„:={QgE| iiQ) = a}. 

Each Sa is an open subset of E and we have S = Sq U • • ■ U Sg-i (disjoint 
union). Let F :— Eq. Now we are ready to describe f^: A4{v) ■ ■ ■ > |i?v|^- 

Proposition 5.1. Keep notation and assumptions as above. Then: 

(1) |i?v| has no base-locus. 

(2) There is an isomorphism |-ffv|^ — l^s(2)| such that Im(fv) — Y. 

(3) The map /v : A^(v) Y is finite of degree 2; the corresponding covering 
involution is equal to (f)v. 

Since {M{v), H^) is a degree-2 polarized deformation of {K3)^"^ the above 
proposition gives examples in favour of the L Conjecture (|1.2(l for dim = 4, 6, 8. 
In fact by Corollary (|3.3(l we get that in each of these dimensions the L Conjec- 
ture holds for at least one irreducible component of the relevant moduli space. 
The proof of the above proposition actually identifies Ai{v) with a natural 
"double cover" of y. We explain this. 

Claim 5.2. If Q e |/s(2)| then rk{Q) > 5. 

Proof. If rk(Q) < 4 there exists a reducible hyperplane section of S, contradict- 
ing Hypothesis (|i|Hl)- □ 

Let Q € Y: by the above claim rk(Q) = 5 or rk(Q) = 6 and hence Fg-3{Q) 
has one or two connected components respectively. (Fg-^^Q) is defined as above 
also if rk((5) = 5.) Let J-gs — > F be the map with fiber Fg-s{Q) over Q and 

-^W ^Y, 

be its Stein factorization, thus C^^(Q) is the set of connected components of 
Fg^siQ): then (■ W ^ Y is finite of degree two. Let p: W ^ W be the 
normalization map. 
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Proposition 5.3. Keep notation and assumptions as above. The map /v : M{y) 
Y lifts to a (regular) map /v : ■A/((v) — > W. The map A^(v) induced by 

/v is an isomorphism. 

5.2 Proof of (5.1)-(5.3) 

5.2.1 Sheaves on S and quadrics in |/s(2) 

Let F be a _D-slope-stable sheaf on S with 

v{F)^2 + l + sr^. (5.2.1) 

Let A?>H^{F) be a subspace. Let 

EA- A ^ H'^iA^F) ^ H"{Osil)) (5.2.2) 

be the natural map. Now assume that dim A > 3. Let Fa^^F be the sheaf 
generated by A. By Lemma (3.5) of [221 quotient F/Fa is Artinian; let 
&A '■— supp{F/ Fa) U sing{F). Thus 0a is a finite set of points. Let Ea be the 
locally-free sheaf on 5 fitting into the exact sequence 

^ Ea A(g,Os ^ Fa ^0. (5.2.3) 

We have a regular map 

S\0A ^ (Gr(2,A^)fiP(A2A^) (J3 2.4) 

X t— > Ann{EA)x 

Now suppose that dim A = 4: since the Grassmannian above is a quadric hy- 
persurface we get by "pull-back" a quadric in |/s(2)|. To be precise choose a 
trivialization A'^A^ ^ C and let Ra G Syrn^ (a^A) correspond to multiplica- 
tion on A^A^. Let Pa ■— Sym?{eA){RA)'- since Ra vanishes on Gr(2, ^^) we 
have 

Pa e Ker {Sym^H\Os{l)) H°{Os{2))) . 

Lemma 5.4. Keep notation and assumptions as above, in particular assume 
that dim A = 4. Then Pa 0. 

Proof. We claim that 

dim(KcreA) < 1. (5.2.5) 

The lemma follows from the above inequality because Ra is non-degenerate. 
Let cr, T £ A: we claim that 

if eA(o-AT) then o-Ar = 0. (5.2.6) 

If a — there is nothing to prove so we may assume that a ^ 0. By D- 
slope-stability of F and Hypothesis H4.8(l a defines a map a : Os F which is 
injective on fibres away from a finite set ZBS; thus away from Z we have t = fa 
for a regular function /. Since cod(Z, S*) = 2 the function / extends to a regular 
function on S and hence is equal to a constant c; since F is torsion-free we get 
that T = ccr. Now (|5.2.6(l gives that P(Kere/i) n Gr{2,A) = 0; since Grr{2,A) is 
a hypersurface in P{a'^A) this implies H5.2.5(l . □ 

Definition 5.5. Keep notation and assumptions as above and suppose that 
dim A = 4. Then Qa V{Pa) is a well-defined quadric hypersurface in by 
Lemma j5.^| ). Clearly Qa e |/s(2)| and rk{QA) < 6. When h°{F) = A we set 
Qf Qhoif) ■ 
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(5.2.7) 



5.2.2 The map q^: M{v) and its lift to W 

Let [F] e A^(v). By our hypotheses and Lemma H4.11|l we know that — 4. 

Thus we have a map 

Miv) ^ \Isi2)\ 
[F] ^ Qf. 

A moment's thought shows that is regular. 
Lemma 5.6. Keeping notation as above, Im{q-v) — Y . 
Proof. First we prove that 

lxn{q^)W. (5.2.8) 
Let C/^(v)fiA^(v) be the open subset defined in I4.2.2U|I . Let 

[F]eC/^(v), 0v([F])^[F]. (5.2.9) 

We win show that Qp G Sq. This will prove H5.2.8(l : in fact C/''(v) is dense 
in M.{v) by Lemma (14.13(1 . and cj)^ is not the identity (it is anti-symplectic!), 
hence the set of [F] satisfying l|5.2.9|) is Zariski-dense in A^(v). Let F := H°{F); 
since [F] G U^{v) we have Fr = F. By Theorem (|4.12ll we have 0v([^']) = 
[Ep]. Let's show that rkQi? — 6, i.e. that Ker(er) — 0. Assume the contrary 
and let a £ Ker(er) be non-zero. Let K be the sheaf on S given by K := 
Ker (a^F (g) Os ^ A^F): since er(Q:) = we have a G H°{K). We have a 
natural exact sequence 

^ A^Er K ^ Er® F ^Q. 

By ()5 .2.611 we know that a is a rank-4 element of A^F and hence 

7r(a) G H"{Er®F) ^ }iom{E^,F) 

is an isomorphism. Since 0v([^']) = [E^] this contradicts 1(5.2.9(1 : thus rkQp = 
6. Let's show that sing{Qp) n S* = 0. The restriction to 56P^ of projection 
from sing{Qp) is identified with Ir. If sing{Qp) n S* 7^ then sing{Qp) H S* is 
0-dimensional by Hypothesis 1(4.8(1 and hence Ir is not regular; since [F\ G J7''(v) 
we have 0r = hence It is defined on all of 5, contradiction. Thus Qp € Yi. 
Let's show that Qf G So- Choose a non-zero a G H^{F) and let 

F, := {V^ G Gr (2,i?"(F)^) | /(a) = 0, V/ G F} 

be the corresponding Schubert cycle. There exists a unique Lo- G Fg^^{Qp) 
which gives Fo- when projected from sing{Qp). We have {L„ ■ S)q^ = deg{a) 
where (a) is the zero-locus of cr - notice that (a) is 0-dimensional by Hypoth- 
esis ((4.8(1 . It follows from ((5.1.1() - ((5.1.2(l that C2{F) = (5 — 1)77 and hence 
deg(cr) = (g — 1). This shows that Qi? G Sq and thus proves ((5.2.8(1 . Now let's 
prove that yfilm(gv)- Let Q G E°: we will show that there exists [F] G M{v) 
such that Qp = Q. Projecting S from sing{Q) = F^~^ we get a morphism 
I: 5 ^ with Z(S')fi(5, where QfiP^ is the image of Q, a smooth quadric hyper- 
surface. Choose an isomorphism Q = Gr (2, C*) and let ^ be the tautological 
bundle on Gr (2, C''). Then F := /*^^ is a vector-bundle on S" with 

rk(F)=2, ciiF)=e, C2(F) - (5-1)7/. 



29 



(The last equality holds because Q e Eq-) Since F is globally generated and 
since h?{F) = (this is easily checked) we get by Lemma (3.5) of ((3) => 
(2)) that F is D-slope-stable. Thus [F] e A4(v). Since W is non-degenerate 
so is S'BP^: it follows that Qf = Q- This proves that T,Q&lm{q^): since Im(gv) 
is closed we get that YSim{q-v). □ 

The map q-^ lifts to a map : A^(v) W almost by construction. Given 
[F] e A^(v) we can associate to F not only the quadric Qf but also a choice of 
component of Fg-^{QF)'- if rk(Qi?) = 6 then Fg-j(QF) is naturally isomorphic 
to the variety parametrizing planes in Gr (2, H^{FY^ and hence it is clear how 
to choose a component oi Fg-^[QF)j if rk((5F) — 5 there is only one component 
to choose. As is easily checked q-v is regular. Let : A^(v) W be the 
(regular) map induced by q^ (recall that p: — * is the normalization 
map). 

Lemma 5.7. Keep notation as above. Then q!^ is an isomorphism, and hence 
q-v : A^(v) — > Y has degree 2. Via q'^ the involution ofW^ defined by the degree-2 
finite map —^ Y coincides with (j)^. 

Proof. We prove the first statement. Clearly is an isomorphism over (O^^(Eo)- 
Hence it suffices to verify that has finite fibers . Let iJ be a hyperplane section 
of the projective space |/5(2)|: since qvo4>v = we have 4>'^{q^H) = q*H. Thus 
by Proposition (|4.14(l we have q^H — kH^ for some fc 6 Z. Since dimF ^ (in 
fact dimy = dim7M(v)) we get fc 7^ 0, and since is ample by Corollary (|4.15|l 
we have 

qlHr^kH^, k>0. (5.2.10) 

If has a positive dimensional fiber then q*H is trivial on such a fiber: by 
the above equality also is trivial on that fiber, contradicting ampleness of 
i?v Let's prove the second statement of the lemma. Let tv be the involution of 
defined by the degree-2 finite map — > Y: over p^^{I]q) we clearly have 
t-v — (iv ° 'Pv ° (9v)^^i hence the same equality holds on all of W^. □ 



5.2.3 An isomorphism \H^\ ^ |/s(2)r 

Lemma 5.8. Keep notation and assumptions as above. Then q*H ~ H^. 

Proof. If dimAl(v) = 0, i.e. 5 = 4, there is nothing to prove. If dimA^(v) = 2, 
i.e. g — 5, the result is immediate. In fact in this case Y — |/s(2)| — and 
hence dcg{q*H ■ q*H) = deg(gv) = 2; since deg(i/v • H^) = 2 the result follows 
from H5.2.10() . Assume that dimA^(v) > 4, i.e. that g > 6. We will prove the 
lemma by computing the intersection numbers deg{q*H ■ R) and deg(iJv • R) 
where i? is a certain curve in A4{v) parametrizing singular sheaves. First we 
construct the curve. Let 

w:=2 + e + 3ri. (5.2.11) 

Since g > 6 we have A^(w) ^ by Theorem (14.5(1 . There exists [V] G 7V1(w) 
such that 

V is locally-free globally generated, h°(y) = x{V) = 5, (5.2.12) 

see the proof of Lemma (|4.17|) . Choose p e S and let R P{Vp ). Let 
TTs ■ S X R S he the projection and t: i? ^ 5 x i? be the inclusion t(x) := 
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{p, x) . Let T be the sheaf on S x R fittmg into the exact sequence 

O^J^ — >t:*sV l^Or{1) -^0, (5.2.13) 

where a is induced by the tautological quotient Vp (g) Or Or{1). For x £ R 
let Fx := J-\sx{x}- Then is torsion-free, v{Fx) — v, and F^ is Z?-slope-stable 
because V is Z?-slope-stable. Since F^ = Fx> only ii x — x' the i?-flat family T 
induces an inclusion R ^ A4{v). Let's prove that 

deg(Hv • i?) = 1. (5.2.14) 

Since ci{H^) — 9^(7] ~ 1) we have 

deg(i?v • i?) = degOAv - 1) - " / c/i3(^) = / c/i3(i*Ofl(l)). (5.2.15) 

Applying Grothendieck-Riemann-Roch one gets that the last term equals 1; this 
proves H5.2.14|l . Now let's prove that 

deg(q;i? • i?) = 1. (5.2.16) 

We must describe the restriction of to R. Let 

P{H"{Vr) ^ 1/5(2)1 (5.2.17) 

X I— > Q Ann(x) 

where QAnn(x) is as in Definition (|5.5|l - this makes sense because since h'^{V) — 
5 we have dimAnn{x) = 4. Let F := H°(V) and let be as in ()5.2.4|l . Then 
Vp is naturally identified with lr{p) and hence 

R = F{V^) = P{lr{p))QFiH°{vy). 

Let x £ R: it is immediate that 

q^lF,]) = (3v{x). (5.2.18) 

Since /3v is linear Equation (|5.2.16|l follows. The lemma follows from (|5.2.10|l . 
115.2.1 411 and 115.2.1 tin . □ 

Since 5* is projectively normal Hirzebruch-Riemann-Roch gives that 

dim |/5(2)| = dig) := ^{g - 2){g - 3) - 1. (5.2.19) 

Lemma 5.9. Keep notation and assumptions as above. Then Y is a non- 
degenerate subvariety of\Is{'2)\. 

Proof. If dimA^(v) = 0, i.e. g = 4, then |/s(2)| is a point and the result is 
trivially true. If dim A^(v) = 2 i.e. g — 5 then Y = |/s(2)| and again the result 
holds. If dim A^(v) = 4 i.e. g — 6 then dim l/s(2)| = 5 and of course dimF = 4. 
Thus if Y is degenerate it is a hyperplane, and since deg^v = 2 we get by 
Lemma (|5.8ll that /^(v) = 2. On the other hand Fujiki's formula (|1.0.1|) and 
the value of Fujiki's constant for deformations of (KS)^'^^ (see (|4.1.4|) ') give that 
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Xm(v) ~ 12, contradiction. Now assume that dim A^(v) = 6 i.e. g = 7- Let 
w be as in (|5.ij.ll|) and [V] G M{w) satisfying (|5.'i.ll^ll . Let T := and 

Ay := U P(/r(p))6P {H''{V f) , (5.2.20) 

pes 

where Ir is as in (|5.2.4|l : thus Ay is the image of P(y^) under the natural map 
Cv ■■ PiV^) P {H°{Vy). Proceeding exactly as in the proof of Lemma (jF^ 
we can associate to each x G P(y^) a Z3-slope-stable torsion- free singular sheaf 
Fj; on S with t;(F^) = v: this gives an inclusion P(y^)fiA^(v). By (|5.2.18(l we 
have 

'7v|p(vv) = /3y o (y. (5.2.21) 

Since Ay spans P (iJ"(l/)^) and since /3y is linear we get that 

(Y) = (Im(gv)) D Im(/3y) 

where (F) is the span of Y. Choose [F'] G 7W(v^f) with [V^'] ^ [V] and F' 
locally-free globally generated with h'^{V') = x{V) = 5- Thus 

(Y) D Im(/3y) U luiiP'v). (5.2.22) 

We claim that Im(/3y) and Im(/3y/) are disjoint linear spaces. The lemma for 
g — 7 follows from this because in this case dim |/s (2) | — 9 by H5.2.19(l and on the 
other hand from H5.2.22|l we get that dim(y) > 9. Let's prove that Im(/3y) and 
Im(/3y/) are disjoint. Assume that there exists a quadric Q G Im(/3y) nlni(/3y/). 
Projection in P^ with center sing{Q) defines a rational map p: S ■ ■ ■ >P'^ where 
= 5 if rk(Q) = 6 and fc = 4 if rk((5) — 5. In the former case Im(p) is contained 
in a smooth quadric hypersurface which we identify with Gr(2, C^): let ^ be the 
tautological vector-bundle on Gr(2,C^). Let J := S r\ sing{Q); thus J is 0- 
dimensional by Hypothesis (|4.8|l . By definition of /3y, /3v' the restriction of 
to (5* \ J) is isomorphic to V^|s\j £ind to V'\s\j- Thus V\s\j = V\s\J- since 
cod( J, iS*) = 2 and since V, V are locally-free the isomorphism extends to all of 
S and hence \V] = [F'], contradiction. If rk((5) = 5 then Im(p)6P^ is contained 
in a smooth quadric hypersurface Q; embedding Q in Gr(2, C*) as a hyperplane 
section for the Pliicker embedding we may proceed as in the previous case and 
we will again arrive at a contradiction. This finishes the proof of the lemma 
when 5 = 7. Finally assume that dimA4(v) = 8 i.e. g = 8. We will show that 
the subset of A4(v) parametrizing sheaves F with F'^'^ /F of length 2 has image 
in Y spanning all of |/5(2)|. Let u := 2 + £ + A-q. Then (u, u) = —2 hence by 
Theorem (j4.5(l the moduli space A^(u) consists of a single point \W]. Arguing as 
in the proof of Lemma 14.17|l one shows that W is locally-free globally generated 
and that h^iW) = x{W) = 6. Choose a triviahzation of A^i?°(iy)'^ and let 

y ^ Ry 

be defined by Ry{a,f3) := {y A a A f3) for a, f3 € A^H°{WY. Let Gr := 
Gr(2,i?0(M^)^) and 0Gr(l) be the Pliicker line-bundle. Then 

Ry G Ker (Sym^H'^iOGAl)) ^ i/°(OGr(2)) . 

Let r := H"{W) and let er be as in lf5T^ : then 

Py := Sym^{er){Ry) G Ker {Sym^H"{Os{l)) H°{Os{2)) . 
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Claim 5.10. Keep notation and hypotheses as above. If Py = then y = 0. 

Proof. Recall that S is given by 15.1.4(1 . Let ^ be the tautological rank-two 
vector-bundle on Gr(2,C^). The vector-bundle is globally generated and 
as is easily checked h'^iCls) = 0, thus by Lemma (3.5) of ((3) =^ (2)) we 
get that is D-slope-stable. An easy computation gives = u and 

thus ^^|5 = W. Hence V{Py) = V{Ry) D P^. Since is transversal to Gr the 
restriction map 

H°{IgA2)) ^ i/°(/s(2)) 
is injective: this proves the claim. □ 

Since dim |OGr(l)r = 14 = dim |/s(2)| (use (15.2. 191) 1 we get an isomorphism 

<5: \oor{ir = nA^H°iwr) ^ \ism 

[y] ^ [Py] 

Let AwSP{H°{Wy) be defined as in (|5.2.20() . Let x,x' e Aw be distinct 
points, thus X e Pikip)) = P{W^), x' e P(/r(p')) AW^,). Let F^,^, be the 
sheaf on S fitting into the exact sequence 

^ F,,,, ^ y ^ Cp ® Cp- ^ 0, 

where tt is determined by x,x'. Then Fx,x' is torsion-free Z?-slope-stable and 
v{Fx^x') = v; thus [Fx^x'] £ M{v). Similarly to (|5. 2.18(1 we have that 

qA[Fx,cc'])^Si{x,x')). 

Here {x,x') e Grfi|OGr(l)r- Thus 

(Y) = (Im((?v)) 3 {S{chord{Aw))), (5.2.24) 

where chord{Aw) is the set of chords of Aw, naturally embedded in Gr6|OGr(l)|^- 
Since is a non-degenerate 3-fold in ¥{H°{W)'^) ~ P^ it follows that 

chord{Aw) is non-degenerate in |OGr(l)|^- Since S is an isomorphism this 
proves the lemma when g = S. □ 

Proposition 5.11. Keep notation and assumptions as above. The map ■ A4{'v) 
|/s(2)| defines an isomorphism q*: |/5(2)|^ \Hv\. 

Proof. By Lemmas ((5.8() - ((5.9() we have an injective linear map q*: |/s(2)|^ ^ 
|i?v|- By Lemma ((4.15(1 the divisor is ample; since -ft'7K(v) we have 
dimjiJvl = (x(CAi(v)(-ffv)) — l)- Let (v,v) + 2 = 2n; since M{^^) is a defor- 
mation of (1^3) ["1 one knows, see p. 96 of 0, that 



n + 2 
2 



(5.2.25) 



Substituting n = {g — 4) and using 1(5.2.19(1 we get that dim|/s(2)r =dim|i/v|, 
hence q* is an isomorphism. □ 

5.2.4 Proof of Propositions dOJ-dSinil- 

Proposition (|5lT|l identifies /v : M{v) \H^\'^ with q^: M{v) |/s(2)|. 
Since q^ has no base points and Im((jv) = 1^ wc get Items (l)-(2) of Proposi- 
tion 1(5. 1() . Lemma ((5.7(1 gives Item (3) of Proposition ((5.1(1 and also Proposi- 
tion lESIl □ 
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5.3 Strange duality 

The isomorphism 

l^^vr = |/5(2)| (5.3.1) 

of Item (2) of Proposition l|5.1|l can be interpreted as a particular case of a con- 
jectural Strange duality between spaces of sections of determinant line-bundles 
on moduli spaces of sheaves on curves |H] or surfaces |2()l 13 |2] ■ We we will 
formulate the strange duality statement and then we will make the connection 
with IjS. 3.1(1 . Let {S, D) be a polarized K3. For i = 0, 1 let 

V, := n+£, + s,r^ £ H"{S; Z)>o © H^'\S) ® H\S; Z) 

and let A4{\'i) be the moduli space of pure sheaves F on. S with v{F) = 
and semi-stable with respect to D. We assume that D is v^-generic for i = 0, 1 
and that (r^ + £i) is indivisible, so that Theorems H4.5|l - H4.7|l apply. Assume 
furthermore that 

(v„v^,)=0, (5.3.2) 

and that 

(roil + n£o) ■D>0, (5.3.3) 
or {roil + ri£o) ■ D < 0, (5.3.4) 



Let £(vi_i) be the (holomorphic) line-bundle on A^(vi) such that 
ci(£(vi_i)) : 



9v^(-v^_J if (ESSJl holds, 
9v.(vi'__,) if KT^ holds. 



Mimicking the proof of Theorem (2.1) of ^ one gets the following. 

Proposition 5.12. Keep notation and assumptions as above. There is a section 
Cvi.vo £ -ff'^(A^(vo) X A4(vi); £(vi) H i2(vo)), canonical up to multiplication 
by a non-zero scalar, such that 

(^vi,vo) = {([-Bo], [El]) e A^(vo) X A^(vi)| h'{Eo ® Ei) > 0}. 

Proof. We assume that there exists a tautological sheaf on S* x A^(vi) for 

i = 0, 1; if this is not the case one works with the tautological sheaf on 5 x Quot 
where Quot is a suitable Quot-scheme and then applies a descent argument 
(see [7]). Let pi: S x M{vo) x A^(vi) ^ 5" x M{vi) and n: S x M{vo) x 
A^(vi) ^ A^(vo) X A^(vi) be the projections. We consider the line-bundle £ 
on 7W(vo) X A^(vi) defined by 

/::=det7r! {p*T{wq) ® plT{wi)) . 

Let [Fi] e A4{vi). Applying Grothcndieck-Riemann-Roch we get that 

Cl(/^|[Fo]xA4(vi)) = 6'vi(Vo), Ci(/:|a4(vo)x[_Fi]) ^vo(vi ). 

(Recall that v,^ e Vj^ ^ by (|5.3.2|l .'l Since M{-Vi) has &i = it follows that 

f/:(vi)-iK/:(vo)-i if holds, 

[/:(vi) H£(vo) if holds. ^ ' ' ' 
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By ()5.3.2|l we have xi^o '8 Fi) = and furthermore 

H^iFo Fi) ^ if (I^IOt holds, (5.3.6) 

H°{Fo ® Fi) = if (T^nil holds. (5.3.7) 

It follows by standard arguments that there exists a canonical section 



a e 



H°{C-^) if (I^T!^ holds, 
H°{C) if (l5inil holds. 



such that cr([Fo], [Fi]) = if and only if h^{Fo ® Fi) > 0. □ 

We may view (7^1, vo ^ map 

(Tv„vo : i?°(A^(vo); /:(vi))^ ^ i/"(A<(vi); /:(vo)). (5.3.8) 

Statement 5.13. [Strange duality] The map u^i.vo of 1^5. 3. 8\) is an isomor- 
phism. 

A comment: by Theorem (14.511 A4{vi) is a deformation of (_ftr3)["'l , where 
2ni = 2+ (vi, Vi). By a well-known formula, see p. 96 of |9|, we have 

_ 'i(ci(/:(vi_,)),ci(/:(vi_,))) +n, + l 



X{M{w^)\C{^l-^)) , 

m 

By Theorem (|4.7|l we know that 9^. is an isometry and hence we get that 

x(A^(vO;/:(vi_,))-h^"'" 

Hence if /3(vo) and C{'Vi) have no higher cohomology there spaces of global sec- 
tions have equal dimensions: this is consistent with the Strange duality state- 
ment. Now we show that the map (|5.3.1|l is the projectivization of ()5.3.8|1 for 
suitable vq, vi. Let 

w:=r + i + rri, w := 1 — 77 (5.3.9) 

and assume that Hypothesis (|4.8(l and H4.2.12(l hold. Letting Vq := v, vi :— v^r 
we see that all of our previous assumptions are verifed; let's spell out the Strange 
duality statement in this case, in particular for r = 2. We have 

ci(/:(w)) =/iv := 6*^(7] -1). (5.3.10) 

We let ifv be a divisor on A^(v) such that ci{H^) — h^. On the other hand 
M{^^f) = S'l^l and 

ci(£(v)) =M^)-rC2 (5.3.11) 

where and ^2 are as in Subsubsection (|4.1.1|l . Now set r = 2, let L be the 
line-bundle such that ci(L) = I and let L • L = {2g — 2). We assume that L is 
very ample and hence S'fiP^ is non-degenerate with L = ©5(1). We claim that 
there is a canonical identification 

|ci(/:(v))| = |/s(2)|. (5.3.12) 
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In fact if IJ.{L) is the line-bundle on S*!^! such that ci(/i(L)) = fj,{£) we have a 
canonical identification \fJ.{L)\ = |Opg(2)| and as is easily verified |ci(£(v))| = 
|/i(L)(-A2)| is the subsystem |/s(2)|. Furthermore U: ^[^l • • • > |/s(2)|^ is 
identified with the regular map 



5(2] I:^ |/^(2)|v 

[z] ^ {g| g D {z}} 



(5.3.13) 



{S contains no lines and is cut out by quadrics because of Hypothesis (|4.8ll . 
and hence is regular.) Thus statement (|5.13() asserts that CTv.w gives an 
isomorphism |/5(2)|^ = |i?v|- Proposition H5.1(l gives such an isomorphism for 
5 < 8 - to be precise when g = 8 we have the extra assumption H5.1.4|l . Let's 
show that Isomorphism (|5.3.1|l is equal to the projectivization of (Tv.w Let 
be the map of H5.2.7|) . 

Claim 5.14. Keep notation as above. Let [F] G A^(v) and assume that 
q^{[F]) e Eq. Let[Z] G S-I^l. Thenq^{[F]) G U{[Z]) if and only if {I z ® F) > 
0. 

Proof. By definition q^dF]) G fv,{[Z]) if and only if Qf ^ {Z). By the definition 
of Qf (see Definition HS.Sfl l this is equivalent to the existence of a non-zero 
T G H"{F) vanishing on Z, i.e. to h"{Iz ® F) > 0. Since xi^z ® F) and 
h^{Iz F) both vanish the claim follows. □ 

Now let 7: |/s(2)| — > l-f^vT be the inverse of the isomorphism of Proposi- 
tion H5.1|l and consider the composition 

a priori a rational linear map. Let x G Sq: by Claim H5.14|l we know that 7octw,v 
is regular at x and that 7 o crw,v(a;) = x. By Lemma H5.9|) Sq is non-degenerate 
and hence 7 o CTw.v is regular everywhere and equal to the identity. 



5.4 The 4-dimensional case 

Keep notation and assumptions as in the introduction to Subsection (|5.1|l and 
suppose that g = 6. Then by (|5.1.3|l we have dimA^(v) — 4; set X :— A^(v). 
We will present a couple of observations on Y — fv{X). We assume that S is 
the generic K3 of genus g (this forces Os{D) = i®*^) and hence 

S^FDQ (5.4.1) 

where F is the Fano 3-fold given by 1)4.3.4(1 and Q is a quadric hypersurface 
transversal to F, see H4.3.5|) . By (|5.2.19|l we have dim |/s(2)| = 5. Let E be the 
divisor on | J5(2)| of singular quadrics (i.e. of quadrics of rank at most 6). Since 
dim |/f(2)| = 4 and every quadric containing F is singular we have 

E = |/f(2)| -HE' (5.4.2) 

where E' is an effective divisor of degree 6. The hypersurface Y is irreducible 
and non-degenerate and Y&supp{T,), hence Y&supp{T,'). By Item (3) of Proposi- 
tion 1(5. l|l we know that deg(/v : X ^ Y) = 2 and by ((4.1.4() we have f*ci [Ops (1))^ = 
12, thus degy = 6: this gives that E' = y i.e. 

E = |/f(2)| -f r. (5.4.3) 
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5.4.1 A closer view of Y 



Let Fix{(l)v)QX be the locus of fixed points of ^v! since (/)v is anti-symplectic 
Fix{(pv) is a smooth Lagrangian surface. Let X ^ X he the blow up of Fix{(j)v)- 
then (/iv acts on X with smooth quotient Y . Since (/>v acts trivially on Kx the 
4-fold F is a Calabi-Yau. The natural map Y Xj (0v} is a resolution of 
singularities. 

Claim 5.15. Y is isomorphic to X/{(j)y,) and via this isomorphism the map 
f^: X —>Y is identified with the quotient map X — > X/ {(j}^,) . 

Proof. The map /v commutes with cj)^ hence it descends to a map X/ {(j)^) Y 
which is finite of degree 1: we must show that this map is an isomorphism. 
It suSices to show that Y is normal, and since F is a hypersurface this is 
equivalent to Y being smooth in codimension 1. The Calabi-Yau Y is birational 
to Y and hence any desingularization of Y has Kodaira dimension equal to 0; 
since degl" — 6 we get by adjunction that Y is smooth in codimension 1. □ 

It follows from the claim that sing{Y) is a smooth surface and that at a point 
p e sing{Y) the 4-fold Y is modelled on (C^ x V [x'^ + y'^ + z'^) , 0). The following 
result gives a moduli-theoretic interpretation of the intersection Y n |Ji?(2)|. 

Claim 5.16. We have /*|/_f(2)| = A(v) + e(v) ivhere A(v),e(v) are given 
by \4-.2.24}) and Lemma {4-11^ respectively. 

Proof. Let w be as in H5.2.11|l : since g = 6 the moduli space A4{w) consists of 
a single point [V] and V satisfies ()5.2.12|l . Let /3y be the map of H5.2.17|l . As 
is easily checked Im(/3y) — |/j?(2)|. Proceeding as in the proof of Lemma H5.9|l . 
the case g = 7 (in the present proof g = 6 but it makes no difference), we get 
Cv- P(V"^) -> P{H"{Vy). For X e P(t/^) we let be the singular sheaf on 
S defined in the proof of Lemma H5.8() : thus [F^] G A(v). In fact we have an 
identification 

Proposition 15.1|l identifies /v with and hence H5.2.21|l becomes (via Identi- 
fication H5.4.4(l ^ the equality /v|a(v) = Pv ° (v, hence 

/:|/j.(2)|=A(v)+<A(v). 

Bv ii.'im we have 6*.A(v) = Oiv). □ 

5.4.2 The dual of Y 

Going back to Strange duality we set w := 1 — 77 as in H5.3.9() . Thus we have 
the map /w of Let Y^ Im(/w) and Y^ := Im(/v). Let Y^Q\Is{2)\'' 

be the dual of Y^; thus we have a birational map 

Q - {Q'e\lsm \stng{Q)eQ'} ^^-^-^^ 

Proposition 5.17. Keep notation as above. Then Y^ = Y^ . 
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Proof. Let Q E U{U^{v)\Fix{(l)^)). Then rk(Q) = 6 and if {p} := sing{Q) we 
have p ^ S. We claim that there exists [Z] S S^^^ such that p £ (Z). Assume 
the contrary. Let L6P^ be a a hyperplane not containing p and Qo ■— Q C) L. 
Projection from p defines a regular map t:: S —^ Qq which is is an embedding 
because no chord of S contains p. The exact sequence of vector-bundles 

^ Ts ^ 7r*TQ„ ^ Ns/Q, ^ 

gives that Jg C2{Ns/Qg) = 46. Let [7r,(5')] G H^{Qq) be the Poincare dual of 
TT, (5); since tt is an embedding we have 

JQo Js 

On the other hand we see directly that the left-hand side is equal to 50, contra- 
diction. Thus there exists [Z] e S'l^l such that p G (Z). Clearly T^{p) = f^{[Z]). 
Thus y^fiYvv Since both are irreducible hypersurfaces we get that Y^SY^. □ 

Corollary 5.18. Keep notation as above. Then degYw = 6 and has degree 
2 onto its image. 

Proof. The map /w is base-point free, it commutes with the involution 0v and 
Jgl2] /wCi(Cpfi(l))^ = 12. Thus /w is of finite degree 2d over its image 
and deg(yw) — f • On the other hand by Proposition (|5.17(l we know that 
any desingularization of has Kodaira dimension and hence by adjunction 
deg(rw) > 6. Thus degFw = 6 and d = 1. □ 



6 Connecting the examples 

Let V be given by H4.2.1()|l . and assume that Hypothesis H4.8|l and l|4.2.12|l hold. 
Assume also that 

2n- 2 := (v,v) < 4r - 2. (6.0.1) 

Let /iv ■= Ov{ri — 1) and let be a divisor on M-{v) such that ci(i?v) = 
Then {A4{v), H^) is a degree-2 polarized deformation of {K3)^"'\ see Item (2) 
of Corollary H4.15|l for r > 2 and Subsubsection (|4.1.3|l for the case r — 1. 
Choosing different v's we get many different families of degree-2 polarized va- 
rieties of the same dimension: the methods that prove Theorem (|4.5|) should 
also show that these varieties are polarized deformation equivalent, i.e. that 
they are "parametrized" by the same connected component of (see 0.411 '). 
In other words we expect that given (A^(v), H^) and (A^(w), H^) as above of 
the same dimension there exist a proper submersive map of connected complex 
manifolds tt: A" — > _B, a relatively ample divisor Ti. on X, and t,u E B such that 
{Xt,Ht) = (X(v),i?v) and {Xu,hJ) = (A^(w),Fw)- We will prove that this 
is indeed the case in one significant example. Let {S, D) be a polarized K3 of 
degree 10 and let 

V ■.= 2 + ci{D) + 2r]. (6.0.2) 

We assume that Hypothesis (|4.8|l and H4.2.12|) hold with £ replaced by ci{D): 
thus M (v) (stability is with respect to D) is a deformation of {K3) and is 
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a degree-2 polarization of A4 (v) . Let TfiP"^ be a quartic surface not containing 
lines and let A be the (hyper)plane class on T. We let 



w := 1 + ci(yl) +77. 
Then A^(w) — tI^I and is ample of degree two. 

Proposition 6.1. Keep notation and assumptions as above. Then {M{'v), H^) 
is polarized deformation equivalent to {M.{vf)^H^). 

Proof. By surjectivity of the period map for ifS's there exists a quartic TqCP'^ 
containing a line R and such that H^^{Tq) = Zci{R) ©Zci(ylo) where Aq is the 
(hyper)plane class. Let 

Wo := 1 + ci(ylo) + 77. 

The divisor Dq := 2Ao — i? is ample of degree 10 thus (ro,I?o) is a degree-10 
polarized K3. Let 

vo -.^ 2 + ci{Do) + 2r] 

and let A^(vo) be the moduli space with (semi) stability with respect to Dq. As 
is easily checked Dq is VQ-generic and hence by Theorem (|4.5|l we know that 
A^(vo) is smooth. We will define a birational map 

7: X(wo)--- >7U(vo). (6.0.3) 
Let [Z] G Tq — 7W(wo): an easy computation gives that 

dimExti(/z(Ao), OtMo ^ ^)) = ^ ^ C E 

Furthermore any non-trivial extension 

^ Oto{Ao -R)^E^ /z(Ao) ^ 

is _Do-slope-stable and v{E) — vq. Since for [Z] i we have a non-trivial 
extension Ez as above unique up to isomorphism, we get a well-defined regular 
map 

(A1(wo)\i?(^)) ^ A^(vo) 

\Z\ ^ Ez- 

Let \F\ G yV4(vo); then x(-F'(-R — ^0)) = 1 and since by stability we have 
h^(F[R-AQ)) = we get that h^iF^R-A^)) > 1. One checks easily that 
is an isomorphism onto the open dense subset of A^(vo) parametrizing sheaves F 
such that /i" (F) = 1 : we define 0.3(1 to be the birational map that corresponds 
to ((fi.0.4|l . One easily shows that 7 is the flop (see (23) of R^'^\ Furthermore 
- and this is the main point - we have 7*_ffvo — -ffwn- If 7 were regular we 
would be done; since 7 is not regular we proceed as follows. Let X — > i?vvo be 
a representative for the deformation space of (7V((wo), i?wo)j i-S- deformations 
of A^(wo) that "keep TJ^o of type (1,1)". Similarly let X' B^^ be a rep- 
resentative for the deformation space of ( (vo ) , i?vo ) • Thus there is a divisor 
TC on X such that for every s G i?wo the pull-back of H to Xg, call it Hs, is 
of degree 2 and of course Hq ^ H^„. Similarly we have 7i' on X' . Now let 
L = i?(2)g2|[2] ^ M{wq) and let L'fiX(v^ro) be the corresponding copy of i?'^) 
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- the indeterminacy locus of 7"^. Let -Bwo(L)6i3wo be the locus parametrizing 
deformations of (A^(wo), i?wo) for which L deforms too, and define similarly 
Bvg(lj')- By a Theorem of Voisin |22I each of these loci is smooth of codimen- 
sion 1. 

Claim 6.2. // we shrink enough B^^ and B^^ around the following holds. 
Let s G (Bwo \ 5wo(i'))- There exists u G (i?vo \ Bvoi^') such that {Xg, Hg) = 

Proof. Let T^X be the locus swept out by the P^'s which are deformations 
of L and define similarly Y'?>X'\ thus we have P^-bundles F B^^ih) and 
F' _Bvvo(L')- Let Ti: y ^ X he the blow up of F. Let E be the exceptional 
divisor of tt; thus tt gives a P^-bundle E ^T. Following Huybrechts ^31 we see 
that E has another P^-fibration structure E T' and that one can contract 
y along this fibration and get a smooth X" . We still have a map X" B^^ 
which is submersive, and the divisor 7i" - the transform of TC. If s ^ _Bwo(L) 
then {X'J, H'J) ^ (X,, i?,). If s G B^JL) then X'J is the flop of Xs with center 
Lg (the deformation of L) and H'J is the divisor corresponding to Hg via the 
flop; in particular Xq = M{vo). Considering the period map of X" we get 
that X" — » i?wo is the deformation space of (A^(vo), -ffvo)- The claim follows 
immediately. □ 

The proposition follows immediately from the above claim. In fact let s G 
parametrize (Al(w),7Jvv) - such an s exists as long as T is sufficiently 
close to Tq. Since T does not contain lines s ^ B^g{L); by the claim there 
exists ii G Svo such that {M{w), H^) = {X'^,H'^). Since the moduli space of 
polarized ifS's of degree 10 (or any other degree) is irreducible (A1(v),i7v) is 
parametrized by a point u G -Bvo (again we want [S, D) sufficiently close to 
(To, L»o)) i.e. (X(v), H^) ^ {XL, HL). Since the locus of w G B^^ such that 
is ample is Zariski open we get the proposition. □ 
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